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1. Introduction

1. Introduction

@ Count data models are for dependent variable y = 0, 1, 2, ...

@ These slides focus on inference for Poisson quasi-MLE

» heteroskedastic-robust standard errors
» cluster-robust standard errors
» bootstrap.
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Outline

@ Introduction

@ Standard Errors for OLS

@ Standard Errors for Poisson
@ Bootstrap

© Bootstrap with Asymptotic Refinement
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2. Standard Errors for OLS

o First consider OLS in linear model: B = (¥, x,-xf)f1 X Y i Xy
@ Substitute in y; = x}B + u; and simplify gives

B— B= (Z, Xin-> - X 2/ X;U;.

e For simplicity assume that the x/s are fixed

> if E[u;] = 0 then E[B] = B.
» it follows that then

VBl = El(B-B)’]
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OLS Review (continued)

o If observations are independent over i then V[Y_; x;u;] = Y ;V[x;u;]

V[B] = (Z,- ) [Z E[xix/ ] } (Z;Xixf)

e Original approach: Assume a model for E[u?|x;] and fit this model

~ e E[u2) = exp(xfa) and use Elxxu?] = xix; exp(x/8)

-1

@ 1980's on: There is no need for such a model!

> simply estimate };E[x;x] u? 2] by Y x; X; u where 1U; = y; — x/ ,B
» even though 47 is not a good estlmate of E[u?]
> heteroskedastic-robust due to White (1982) and Huber (1967)

~ -1 -1
\/ _ ~/ o2 o
VIB] = (Zix,xi> X {Z’ x,x,-u,-] X (Zix,xi)
@ Can extend to
> serially correlated errors (HAC robust)
> clustered errors (cluster-robust).
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3. Standard Errors for Poisson quasi-MLE

o Recall Poisson MLE solves Y;(y; — exp(X/8))x; = 0.
@ Take a first-order Taylor series expansion of left-hand side about

> so g(B) ~ g(B) +&'(B)(B—B)
Y (v —exp(xiB))x;i = Y (vi — exp(x}B))x; — Y. exp(xiB)x;x; (B — B)
@ Set r.h.s. to zero (note: we can ignore the remainder asymptotically)
Y 0= wxi+ (X, —mxixt) (B— B) = 0.

e Solve for (B — B)

BB~ (T uex) x L0~ i)

@ This is like earlier OLS (B - B) = (% x,-xf-)_1 X )i Xjuj

> so proceed in the same way.
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3. Standard Errors for Poisson quasi-MLE

Poisson heteroskedastic-robust standard errors

@ We have
(B—B) = (X mxixt) T
@ Then
V[B] =~ (Z, Vixix;> - xV [Z;(Yi - P‘i)xi} X (E, Vixfx;) -

e Given independence over i, V[¥;(yi — u;)xi] = L;V[(yi — ;)] so

V[B] ~ (Z,H;Xixf-) Tk [Z, El(yi — Pl,-)zxiXﬂ] x (E, H,-Xfxf~> B
@ And we use

Vier [B (Z HiXi X) X [Z,-(yl' —ﬁ,-)QXin} x (Z,H,-Xin-)_l

o Whereas MLE variance uses E[(y; — p;)?x;x}] = p;x;x!
and GLM variance uses E[(y; — #;)%x;x}] = a X p,x;x\.
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Poisson cluster-robust standard errors

@ Sometimes errors are correlated within cluster or group and

independent across clusters
» e.g. correlated if in same village and independent if in different villages.

o Let there be G such clusters, g = 1,..., G. Then
Vv [Ei(y,- —y,)x,-] = YoV [Zieg(y; - y,)x,} as indep. over g
= Yoo (s Leg Bl = )xily = )]
o Then we use (provided G — o)
Vew[B <2 y,x X! )
XY e Dy L = i) = fiyxixt)
X (Z, P‘,-XiX§) B
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3. Standard Errors for Poisson quasi-MLE

@ Here little difference but in general cluster-robust standard errors can
be much larger than heteroskedastic-robust.

.0*0PoissondwithOclusterirobustistandardierrorsifiillustration
.0*0Herenclusterdonfagedfordillustration
.0*0InOpracticedthedgroupingivariabledwouldibe,0foriexample,Ovillage

.OpoissonOdocvisi$xTist,Ovce(clusteriage)dnologli//0PoissonirobustiSEs

PoissonOregression000000000000000000000000000000Numbernofiobsn0n0o0= 000003,677
000000000000000000000000000000000000000000000000waldochi2(7)000000= 0000917.07
000000000000000000000000000000000000000000000000Prob0>0chi20000000= 00000.0000
LogOpseudolikelihoodn= 0015019.64000000000000000Pseudo0R2000000000= 00000.1297

00000000000000000000000000000000000(Std.0Err.0adjustedifor 260clustersiiniage)

000000000000000Robust

gooooodocvis |0O0ooooCoef.oo0std.OErr.000000z0000P>|z|00000[95%0Conf.0Interval]
Joo0O0private |000.1422324000.0357205000003.980000.00000000.07222150000.2122434
pooomedicaid |000.0970005000.0653316000001.480000.13800000.03104710000.2250481
gooo0ooo0Dage |000.2936722000.0471694000006.230000.00000000.20122190000.3861226
0oonooodage2 |000.0019311000.0003162000006.110000.00000000.00255080000.0013114
Joo000educyr |000.0295562000.0054728000005.400000.00000000.01882960000.0402828
goooo0actlim |000.1864213000.0374476000004.980000.00000000.11302540000.2598172
pgooooototchr |000.24838980000.011554000021.500000.00000000.22574440000.2710353

ooooood_cons

00010.182210001.749064000005.820000.

0000000013.6103100006.754105
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4. Bootstrap estimate of standard error

@ Basic idea is view {(y1,x1), ..., (yn,Xn)} as the population.
@ Then obtain B random samples from this population

» Get B estimates @1, @B
» Then estimate Var[f] as the usual standard deviation of B estimates

Vo] =gr Y, (6, —0)% where6=3%Y" 0
» Square root of this is called a bootstrap standard error.

@ Nonparametric bootstrap gets B different samples of size N we
resample with replacement from {(y1,x1), ..., (yn, xn)}

» In each bootstrap sample some original data points appear more than
once while others not appear at all.

o IMPORTANT: Stata 14 changed to a different random number
generator (mt64) than earlier versions (kiss32).

» These slides use the old Stata 13 generator.
» To get my slide results using Stata 14 or 15: set rng kiss32
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4. Bootstrap Estimate of standard error Poisson regression application

Poisson regression application

e Data: Doctor visits (count) and chronic conditions. N = 50.

ContainsOdatalfrom musbootdata.dta

00obs:00000000000050
Ovars:0000000000000300000000000000000000000000160Apr02010010:32
0size:000000000007500(99.9%00f0memoryifree)

00000000000000storagenddisplaynoooivalue
variablednamenootypedodformatoooooolabeloooooOvariabledlabel

docvis 0int0000%8.0g numberfofidoctorivisits
age 0floatn0%9.0g Agelinlyears(/010

chronic Obyted00%8.0g =0101ifoadchroniciocondition
Sortediby:

.Osummarize

pooovariable |00000000bs00000000Meand000Std. 0Dev.0000000Min00000000Max

0opooodocvis |0000000050000000004.12000007.821060000000000000000000043
000000000age |000000005000000004.16200001.160382000000002.6000000006.2
noooochronic |0000000050000000000.280000.45355740000000000000000000001
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RIS ST N =N EICRG RS ENEl RY((Jall Standard error estimation

Bootstrap standard errors after Poisson regression

@ Use option vce(boot)

> Set the seed!
» Set the number of bootstrap repetitions!

.0*0Computelbootstrapistandardierrorsiusingloptionivce(bootstrap)ito
.Opoissonddocvisichronic,dvce(boot, 0reps(400)0seed(10101)0nodots)

Poissonlregressiond00000000000000000000000000000Numberfofiobs000000= 000000050
000000000000000000000000000000000000000000000000RepTlicationsi0onoo0= 000000400
000000000000000000000000000000000000000000000000waldochi2(1)0000000= 000003.50
000000000000000000000000000000000000000000000000Prob0>0chi200000000= 0000.0612
LogO1ikelihoodi= 0238.75384000000000000000000000PseudolR20000000000= 0000.0917

nooobserveddOOBootstrapll00000000000000000000000Normalibased
0ooboodocvis |000000Coef.000Std. DErr.00000020000P>|2z|00000[95%0Conf.0Interval]

ooooochronic |000.9833014000.5253149000001.870000.06100000.04629680000002.0129
0oooooo_cons |0001.031602000.3497212000002.950000.00300000.346160700001.717042

@ Bootstrap se = 0.525 versus White heteroskedastic-robust se = 0.515.

@ Note that if B — oo the bootstrap se is asymptotically equivalent to
White heteroskedastic-robust se!
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RIS ST N =N EICRG RS ENEl RY((Jall Standard error estimation

Results vary with seed and number of reps

.0*0Bootstrapistandardierrorsiforidifferentirepsiandiseeds
.0quietlyOpoissonddocvisichronic,dvce(boot,0reps(50)0seed(10101))

.DestimatesOstoredboot50
.OquietlyopoissonddocvisOchronic,Ovce(boot,Oreps(50)0seed(20202))
.DestimatesOstorelboot50diff
.0quietlyOpoissonddocvisichronic,dvce(boot, 0reps(2000)0seed(10101))
.ODestimatesistorelboot2000
.0quietlyOpoissonidocvisichronic,0vce(robust)
.DestimatesOstoreldrobust

.DestimatesOtabledboot500boot50diffuboot20000robust,0b(%8.5F)0se(%8.5F)

oooovariable |00boot500000boot50~f000boot20000000robust

goooochronic |000.98330 000.98330 000.98330 000.98330
000.47010 000.50673 000.53479 000.51549
0ooooodd_cons |001.03160 001.03160 001.03160 001.03160
000.39545 000.32575 000.34885 000.34467

0000000000000000000000000000000000000000000000Tegend:0b/se
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LRI ST N =S ECNG RS ENCEI MI{CIa  Leading uses of bootstrap standard errors

Leading uses of bootstrap standard errors

@ Sequential two-step m-estimator

First step gives @ used to create a regressor z(&)
Second step regresses y on x and z(&)

Do a paired bootstrap resampling (x, y, z)

e.g. Heckman two-step estimator.

>
>
>
>
@ 2SLS estimator with heteroskedastic errors (if no White option)
> Paired bootstrap gives heteroskedastic robust standard errors.
o Functions of other estimates e.g. 6 = & x 8

> replaces delta method
» Clustered data with many small clusters, such as short panels.

* Then resample the clusters.
* But be careful if model includes cluster-specific fixed effects.

For these in Stata need to use prefix command bootstrap:
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el elgaiéing
The bootstrap: general algorithm

@ A general bootstrap algorithm is as follows:
» 1. Given data wy, ..., wy

* draw a bootstrap sample of size N (see below)
* denote this new sample wj, ..., wj,.

v

2. Calculate an appropriate statistic using the bootstrap sample.
Examples include:

* (a) estimate 6" of 6;

* (b) standard error s« of estimate 9"

* (c) t—statistic t* = (5* —5)/5§* centered at 0.
> 3. Repeat steps 1-2 B independent times.

. L Sk
* Gives B bootstrap replications of 0y,...,0g or t{,..., t5 or ...

v

4. Use these B bootstrap replications to obtain a bootstrapped version
of the statistic (see below).
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4. Bootstrap Estimate of standard error Implementation

Implementation

@ Number of bootstraps: B high is best but increases computer time.

» CT use 400 for se’s and 999 for tests and confidence intervals.
» Defaults are often too low. And set the seed!

@ Various resampling methods
> 1. Paired (or nonparametric or empirical dist. func.) is most common
* wj,...,wy obtained by sampling with replacement from wy, ..., wy.
» 2. Parametric bootstrap for fully parametric models.
* Suppose y|x ~ F(x, 0p) and generate y by draws from F(x;,0)
> 3. Residual bootstrap for regression with additive errors

* Resample fitted residuals @y, ..., Uy to get (47, ..., Uy) and form new
(rfox1), oo (Y XN)-
@ Need to resample over i.i.d. observations
» resample over clusters if data are clustered
* But be careful if model includes cluster-specific fixed effects.

» resample over moving blocks if data are serially correlated.
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4. Bootstrap Estimate of standard error BREIIISIETERELREN

Bootstrap failure

@ The following are cases where standard bootstraps fail

> so need to adjust standard bootstraps.

GMM (and empirical likelihood) in over-identified models
» For overidentified models need to recenter or use empirical likelihood.
@ Nonparametric Regression:

» Nonparametric density and regression estimators converge at rate less
than root-N and are asymptotically biased.
» This complicates inference such as confidence intervals.

@ Non-Smooth Estimators: e.g. LAD.
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4. Bootstrap Estimate of standard error BHEIINSTI{

Jackknife

@ The jackknife uses a leave-one-out resampling scheme.

@ The jackknife estimate of the variance of an estimator 9 is
VO] =YY (B —0)% where§=NT1Y 8

> where 5(,,-) is B obtained from the sample with observation i omitted.

@ The jackknife is a “rough and ready” method for bias reduction in
many situations, but not the ideal method in any.

> it can be viewed as a linear approximation of the bootstrap (Efron and
Tibsharani (1993, p.146)).

> it requires less computation than the bootstrap in small samples, as
then N < B is likely

> but is outperformed by the bootstrap as B — oo.
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4. Bootstrap Estimate of standard error ENSEENPEIES

Clustered data

@ The bootstrap relies on independence over the quantity being
bootstrapped.

@ So for clustered data we resample over clusters rather than
observations

> Let the g'" cluster be yg = (yz1,.... yng) and similarly define Xg.

> Then view the G clusters {(y1,X1), ..., (¥¢. X¢)} as the population

» And pick with replacement G clusters, etcetera.
> e.g. poisson y x, vce(boot, cluster(id_cluster)

@ Similarly for the jackknife use a delete-one-cluster jackknife

PN B G ~ = = -~ —~
Vo] = % Zg:l (9(,g) —0)?, where =G ! Zg 0_g)-
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4. Bootstrap Estimate of standard error ENSEENPEIES

Cluster bootstrap: cluster on age for illustrative purposes

.OpoissonidocvisOchronic,Ovce(boot,0cluster(age)ireps(400)0seed(10101)0nodots)

Poissondregressioni00000000000000000000000000000Numberdofiobsio0n0= 0000000050
000000000000000000000000000000000000000000000000RepTicationsi00000= 0000000400
000000000000000000000000000000000000000000000000waldochi2(1)000000= 0000004.12
000000000000000000000000000000000000000000000000Prob0>0chi20000000= 00000.0423
LogilikelihoodO= 0238.75384000000000000000000000PseudolR2000000000= 00000.0917

000000000000000000000000000000000000(ReplicationsObasedion 260clustersiiniage)

pJoo0observediOOBootstraplO00000000000000000000000Normalibased
0ooooodocvis |000000Coef.000Std.DErr.000000z0000P>|z|00000[95%0Conf.0Interval]

poonochronic |000.98330140000.484145000002.030000.04200000.034394700001.932208
0ooonooo_cons |0001.0316020000.303356000003.400000.00100000.437034800001.626168
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5. Bootstrap with asymptotic refinement Asymptotic refinement

5. Bootstrap with asymptotic refinement

@ The simplest bootstraps are no better than usual asymptotic theory
» advantage is easy to implement, e.g. standard errors.

@ More complicated bootstraps provide asymptotic refinement
» this may provide a better finite-sample approximation.

o Conventional asymptotic tests (such as Wald test).

» « = nominal size for a test, e.g. & = 0.05.
» Actual size= a + O(N~1/2).

@ Tests with asymptotic refinement

Actual size= a + O(N71).
asymptotic bias of size O(N~1) < O(N~1/2) is smaller asymptotically.
But need simulation studies to confirm finite sample gains.

* e.g. if N =100 then 100/N = O(N~!) > 5/v/N = O(N~1/2).

v

v

v
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Asymptotically pivotal statistic

@ Asymptotic refinement bootstraps an asymptotically pivotal statistic
> this means limit distribution does not depend on unknown parameters.
e An estimator 6 — 8y < A[0, 0%] is not asymptotically pivotal

> since 0'% is an unknown parameter.

@ But the studentized t—statistic is asymptotically pivotal
> since t = (6 — 00)/sy 2 N[0, 1] has no unknown parameters.

@ So bootstrap Wald test statistic to get tests and confidence intervals
with asymptotically refinement.

@ For confidence intervals can also use BC (bias-corrected) and BCa
methods.

@ Econometricians rarely use asymptotic refinement.
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5. Bootstrap with asymptotic refinement Confidence intervals

.0*0Bootstrapiconfidencelintervals:Onormalibased, Opercentile,0BC,0andlBCa
.OquietlyopoissonddocvisOchronic,dvce(boot,Oreps(999)0seed(10101)0bca)

.OestatObootstrap,nall

Poissonlregression000000000000000000000000000000Numberdofliobsin0n0o= 000000050
000000000000000000000000000000000000000000000000RepTicationsi000000= 000000999

0000Observedd00000000000000BoOtstrap

pooooodocvis |0000000Coef.0000000Bias0000Std. 0Err.00[95%0Conf.0Interval]

poooOchronic |(000.98330144000.0244473000.5404076200000.0758780002

ooo
ooo

=1
=1

ooo

ooo.
.08203170002
.02155260002
00o00o0_cons |0001.0316016000.0503223000.352572520000.

ooo.

13164990002

.042481000(N)
.076792000(P)
.10036100(BC)
.1814760(BCa)
34057210001,
.21772350001.
.25782930001.
37948970001,

722631000(N)
598568000(P)
64978900 (BC)
7819070(BCa)

(N)oooonormaloconfidencedinterval
(P)oooopercentiledconfidencedinterval
(BCO)nO0biaslcorrectediconfidenceninterval

(BCa)O0biasOcorrectediandiacceleratediconfidenceninterval

(N) is observed coefficient £ 1.96 x bootstrap s.e.

°
e (P)is 2.5 to 97.5 percentile of the bootstrap estimates BI B
°

(BC) and (BCa) have asymptotic refinement.
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5. Bootstrap with asymptotic refinement [T IR LGS {ET)

Percentile-t bootstrap

.0*0Percentilentiforialsingledcoefficient:0Bootstrapitheltlstatistic
.OuseObootdata.dta,clear

.0quietlynpoissonidocvisichronic,Ovce(robust)

.0Tocalothetad=0_b[chronic]

.0localisethetal=0_se[chronic]

.Obootstrapiotstar=((_b[chronic]o theta')/_se[chronic]),0seed(10101)00000000///
>000reps(999)0nodotsisaving(percentilet,Oreplace):0poissonidocvisichronic,0///

>000vce(robust)

BootstraplresultsO000000000000000000000000000000Numberfofiobsinnnl= 0000000050
000000000000000000000000000000000000000000000000RepTicationsi00000= 0000000999

poooodcommand:O0poissonidocvisichronic,Ovce(robust)
poooooootstar:  (Cb[chronic]0.9833014421442415)/_se[chronic]

J00ObservedidOBootstrapll00000000000000000000000Normalibased
0ooooocCoef.000Std. OErr.000000z0000P>|z|00000[95%0Conf.0Intervall

0o0ooootstar |00000000000000001.3004000000.000001.000000002.54873600002.548736

Bootstrap t = (6 — 00)/s5 ~ N[0, 1]
The 999 tstar values are the bootstrap estimated density of the t-statistic
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5. Bootstrap with asymptotic refinement [T IR LGS {ET)

Percentile-t bootstrap (continued)

Plot of the bootstrap estimated density of the t-statistic
tstar is t, = (65 — 0) /s,

<t: |
K\? -
o~
—
o4
T T T
5 0 5
tstar
Bootstrap density =~ ——<——- Standard normal
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5. Bootstrap with asymptotic refinement [T IR LGS {ET)

Percentile-t bootstrap (continued)

Critical t-values are 2.5 and 97.5 percentiles

.OuseOpercentilet,0clear
(bootstrap:0Opoisson)

.Osummarize

pgooovariable |DDDDEII]DDObSDDDDDDDDMeanDDDDStd.DDev.DDDDDDDM‘inDDDDDDDDMaX

gooooootstar |DDDDDDDD999DDDD.0874198DDDDDD1.3004DDD4.435354DDD4.611352

.Ocentiledtstar,0c(2.5,50,97.5)

—~0Binom.0Interp. —
gooovariable |DDDDDDDObsDDPercenti1eDDDDCenti1eDDDDDDDD[95%DCOnf.DInterva1]

0ooooo0tstar |0000000999000000002.500002.756196000000003.03097200002.567785
0000000000000000000500000.056995700000000.14648120000.0312477
0000000000000000097.500002.56869100000000002.309200002.917802

.OkdensityOdtstar,0generate(evalpointidensityest)ixtitle("tstarofromithelbootstr
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FerEEtis ¢ bEaSED
Wild bootstrap

@ In practice bootstraps with asymptotic refinement are not often used
in econometrics.

o Datasets are usually large and if small estimation is imprecise.

@ But with clustered errors and few clusters it can be worthwhile to
cluster bootstrap with asymptotic refinement

» A. Colin Cameron and Douglas L. Miller, "A Practitioner's Guide to
Cluster-Robust Inference", Journal of Human Resources, Spring 2015,
Vol.50, No. 2, pp.317-373.

@ The best bootstrap appears to be a Wild cluster bootstrap.
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W by
Wild bootstrap for OLS

o Let ﬁ and 4; be the original sample estimates.
@ With independent data the Wild bootstrap resamples as follows

> in bth resample the it observation is (y,x;) where

* yl.*(b) = x:-E—i—ﬂi(b) and

* ﬂi(b) = U; with probability 0.5 and ﬁfb) = —U; with probability 0.5
~(b

* then ﬁ( ) is OLS from regress yl-*(b) on X;.

o In cluster case in b*" resample for the g/ cluster is (y?, X;) where
> g = XgB+ iy and
> ﬁéb) = Ug with probability 0.5 and ﬁéb) = —ug with probability 0.5.
@ A variation that works better is to let ﬁ and U; (or ug) be original
sample estimates that impose the null hypothesis restriction of
interest
» typically Hy ::Bj =0
> then B is from estimation dropping the j/ regressor.
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5. Bootstrap with asymptotic refinement ERWARCIESET )

Wild score bootstrap for Poisson

@ For Poisson there is no residual

> so instead resample the score (Kline and Santos)
» recall =B, +H g

@ Then let
» H=— Y71 x'x; be the Hessian from original estimation
> 8 =) 18 be the score or gradient vector
» 8 =Y. 1 xi(yi —exp(B)) be the contribution to the score

i
> g(b) — g, with probability 0.5 and g'”) = —g; with probability 0.5
(b)

* more generally g;”’ = gjw; where i.i.d. w; have E[w;] = 0 and

Elw?] =1

Sb) 5 o b
B =B+Ar g
@ In cluster case repeat but at the cluster level.

@ This can be implemented by the Stata add-on boottest command.
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