240D Fall 2008 Solutions to Final Exam

1.(a) Since f(y,|xz) = A(x/3)¥% (1 — A(x}3))' ¥, the log-likelihood

In L(B) = Z In f(yilx:) = Dy ImAXB) + (1 - o) In(1 — A(;B)).
Then using 0A(z)/0z = A(2)(1 — A(2)) for A(z) = e*/(1 + ¢*) we obtain
dln L(B) A’(x;ﬂ A’(x B)
B (y’ A(x,B) T A X )
- ¥ (sm x)m)A'(Xﬂ)Xl
- Zz <yl A, 5 1 _(X I?) ;)%Z (XZIB)> AxB)(1 — A(x;B))x;
= Zl (y; — AM(x;8))x; = 0.
(b) We have
S (- AGB) % = X~ ABo) e~ X | (B By) = 0.
- B0 = (T2 ) S apo x
= VNB-By) = (£ MBI - ABY)xx) X (1 — AXiBy)) x;
(& 30 AGB) (1 — AXBp))xix) " x N0, Byl
Here

Bo — V|3 (- A x| = |5 37 (0~ A0

= limE[ Z (x,3,)(1 — A X,BO))XZX}

So simplifies to v N(3 — 3,) <, N0, By'].
(c) The essential assumption is E[(y; — A(X[3))|z;] = 0 or E[z;(y; — A(x,3))] = 0.

Then B minimizes

(3, = A8 %) W (X2, (5 — AGB)) =)
where W is symmetric full rank. e.g. W = (Z'Z)!.
(d) In the just-identified case the f.o.c. are

> (i~ AXiB) 7 =0.

Using method of part (b), with z; replacing x;, we get

\/_(ﬁ Bo) = < ZAX/BO 1 — A(x;8))zi > x N0, By]

By = limV [\/_ Z A(X)8,)) z } = limE {% > wi— A(X,By))’ 22,

(2

[or GMM with W = I gives limit variance matrix (G{Gg) 1 (G{SGo)(G{Go) .
Since Gy is square in just-identified case: = Gy (G}) 1 (G)SeGo)Go 1 (Gh) ™ = Gy 'So(G))

=



2.(a) Pr(y = 1) = A(B, + B5x), so the marginal effect

0Pr(y=1)
Ox

We can evaluate at the sample mean = = 0.3, giving 0.2 x A'(1) = 0.2 x A(1) x (1 — A(1)) =
0.2 x e/(1 —e)* = 0.0393.

Alternatively was can use 0 Pr(y = 1)/0z ~ ,9(1 —y) = 0.2 x 0.8 x 0.2 = 0.032.

Or can use log-odds ratio interpretation: odds ratio up by 20%.

= B, (81 + Byz) = 0.2A'(0.4 + 0.22).

(b) For probit u; is standard normal with c.d.f. ®(-) and
Prly; = 1[x;] = Prly; > 0x;] = Pr[x;B+u; > 0[x;] = Pr[u; < —x;8[x;] = Pr[—u; < x;8(x;] = ®(x;3)

(c) Define three mutually exclusive dummies y;; = 1 if y; = 1 and y3; = 0 if y; # 1, and similarly
for y9;and ys;. Then

Density for it observation is Fy(x}3;)%1 x Fy(x.3,)%2 x F3(x.3;)¥%.

Log-likelihood is ) .[y1; In Fi(x}8,) + y2i In F5(x}3,) + y3; In F5(x}35)].

Need a normalization such as 3, = 0.

(d) We suppose yF = x;3 + u; where u; is standard normal and x; has no intercept.
We observe y; = 1if yf < aq; y; =2 if g <y <ag;and y; = 3 if yF > as.

Then
Prly; = 1] =Prly; < aq] <Pr[x,8+ w; < o] = Prlu; < a; — x08] = ®(oy — X;3).
Prly; = 2] =Prla; <y; < ag] = Prly; < as] —Prly; < ai] = ®(ay — x;8) — (a1 — x;08).
Prly; = 3]=1—-"Prly; =1 —Prly; =2] =1 — ®(az — x9).
(e) We have
. eXiBi .
pij = Prly; = j] = =5 Jj=12.3.

m %8,
25:16 il

(f) In general

Ui = Vii+euy
Ui = Vo + ey
Usi = V3 +e3

where V; is deterministic and ¢;; is purely random.
We choose y; = j if Uj; > Uy, for all k.

Setting Vj; = exp(x;3,) and assuming ¢;; are i.i.d. type 1 extreme value yields multinomial logit.



3.(a) For notational simplicity suppress conditioning on x

caey S eyt et [yt

So ,
e~ PXiB) exp(x)B)Y [y}

U )

(b) We have

mL(B) =Y, (—exp(x)8) + yixiB — lny;! — In(1 — e~ =PCA)))
OlnL exp(x.8)e” exp(x}8)
= Bﬁ(ﬂ) - ZZ (_ exp(x;8)X; + yiX; — ?f_ef)exp(x(iﬁ)) > =0.

(c) This is tricky

= BT 2= 7 2 = ey X000 = gy o 10

(d) Since
exp(x;8)

Elyi|xi| = P

do nonlinear least squares regression of 7; on exp(x,3)/(1 — e~ *PxiA)),

(e) We have

v o= x168, e
ys = X505+ e,

and we observe

1 ify; >0
yl_{ Y

0 ify; <0,
and

_ oy ity >0

v2 = if 4 < 0.

Then if (£1,&2) are joint normal with means (0,0), variances (1,03) and covariance po3 (or less
restrictively ¢, is standard normal and €5 = pose; + v where v is independent of €1, we have

E[y2|y1 = 1] = E[y%]y; > O] = X,2:32 + pU)‘(Xll/Bl)'

(x181)/2(x; B,)-

~

First stage probit of y; on x; gives Bl and \(x}3;) = ¢
Second stage OLS for positive ys of y, on xo A(X]3;).



4.(a) This part of the question was in error.

The test statistic given in the output as Wald chi2(1) is a test of overall fit, i.e. that all slope
coefficients are zero. Here this is just [, = 0 since there is only one regressor.

If default standard errors were used, Wald chi2(1) would be an LR test.

In fact robust standard errors were used, so Wald chi2(1) is a Wald test with value 3.64 < 1.962 =
3.84 and p = 0.0565..

So there is not enough information for a Wald test. This part is graded leniently.

(b) The bootstrap standard error is the standard deviation of bchronic which is 0.5404076.
This yields ¢t = 0.9833014/0.5404076 = 1.820 < 225 = 1.96. Do not reject H,.

(c) Here t; = (BZ - E)/se[BZ] has 2.5 and 97.5 percentiles are -2.756 and 2.569.
The original t-statistic of 1.91 is inside these percentiles. So do not reject Hy.

5.(a) Here
Yir = o + X, B4en
= Ui=0; +X,B+E as q; = q
= Yu— Ui = (Xp — X)) B+ (e — &)
OLS of y;; — y; on (x;; — X;) gives

BFE = [Z Z(Xit —X;) (x4 — ii)’] Z Z(Xit — X)) (Wit — Ui)-

i=1 t=1 i=1 t=1

(b) If fixed effects are present then FE estimator is consistent but RE is inconsistent. If random
effects are present then both are consistent. Do Hausman test.
Hy : a; is random versus H, : «; is fixed effect. For 3, coefficients of time-varying regressors
~ ~ PN o~ -1 /o —~
H= (51,RE - 51,W> [V[ﬁl,w] - V[ﬁl,RE]:| (/BI,RE - /61,W> 5
and reject at level « if H > x2(dim[34]).

(c) In general H test uses \Af[BLW — BLRE]. If BLRE is fully efficient this simplifies to answer in
(b). This is the case if £; ~ N[0,02]. If this assumption cannot made need more general form for
H. Implement by bootstrap.

(d) Given y; = a; + x,,8+ €i, for the it individual stack all T observations, so

/
Yi1 1 Xi1 €i1

= | |+ L B+
YiT 1 Xl EiT
or
yi=eq; + X;8 +e¢;

= Qy; = QX,8+Qe;
as Qe =I; — T 'ee'le=e-T leee=e-T 'eT=e—e=0.

The curve for this exam is only a guide. Course grade based on course score.

Scores out of 50 A 36 and above
75th percentile 40 (80%) A- 30 and above
Median 33 (66%) B+ 24 and above
25th percentile 29.5 (59%) B 18 and above



