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1. Introduction

1. Introduction

@ We consider nonlinear regression with cross-section data.
@ The slides use count regression as a great illustrative example.

@ Count data models are for dependent variable y =0, 1, 2, ...

@ Example:

> y: Number of doctor visits (usually cross-section)
x: health status, age, gender, ....

@ Many approaches and issues are general nonlinear model issues.
» Econometrics:

* Fully parametric: MLE
* Conditional mean: Quasi-MLE, generalized methods of moments
(GMM)

» Statistics: generalized linear models (GLM).
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1. Introduction

@ Analysis is straightforward in the usual case of model the conditional
mean E[y|x]:
> in Stata replace command regress with poisson

» and for panel data (later) replace command xtreg with command
xtpoisson

Interpretation of marginal effects, however, is more complicated:
> E[y|x] = exp(x'B) so ME; = 9E[y[x]/0x; = B; exp(x'B) # ;.

Analysis is more complicated for

> better parametric models for prediction, censoring, selection
> autoregressive time series of counts (not covered here).\

The session will focus on topics 2, 3 and 4.
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2. Poisson cross—section regression theory

o Count data example

» Many health surveys measure health use as counts
as people have better recall of counts than of dollars spent.
> 2003 U.S. Medical Expenditure Panel Survey (MEPS).
» Sample of Medicare population aged 65 and higher (N = 3,677)
» docvis = annual number of doctor visits

.Ouselmusl7data.dta
.Osummarizeddocvis

gooovariable |DDDDDDDObsDDDDDDDDMeanDDDDStd.DDev.DDDDDDDMinDDDDDDDDMax

pooooodocvis |DDDDEIEI3677EIDDD6.822682DDDD7.394937DDDDDDDDDDODDDDDDDD144
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2. Poisson cross-section regression theory

@ Doctor visits: Histogram dropping observations with more than 40

visits

Density
.05
1

c-—-~ « v/ —/—— /1
0 30 40

0 10 2
# Doctor visits (for < 40 visits)
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2. Poisson cross-section regression theory Poisson distribution
Poisson distribution
@ From stochastic process theory, natural model for counts is

y ~ Poisson[A].

Probability mass function:
e M\
y!

PrlY = y|A] =

Mean and variance:

E[y] =A and V[y]=A

Equidispersion: variance = mean

» Restriction imposed by Poisson

Overdispersion: variance > mean

» More common feature of count data
» Doctor visits data: y = 6.82, s}% = 54.68 ~ 8.01y.

A. Colin Cameron  Univ. of Calif. - Davis .. Count Regression: Part 1 Aug 28 - Sept 1, 2017

765



2. Poisson cross-section regression theory Poisson regression

Poisson regression: summary

@ Poisson regression is straightforward

» many packages do Poisson regression
» coefficients are easily interpreted as semi-elasticities.

@ Do Poisson rather than OLS with dependent variable

>y
> Iny (with adjustment for In0)
> /¥ (a variance-stabilizing transformation).

@ Poisson MLE is consistent provided only that E[y|x] = exp(x'B).

» But make sure standard errors etc. are robust to V[y|x] # E[y|x].
» And generally don’t use Poisson if need to predict probabilities.
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2. Poisson cross-section regression theory Poisson regression

Poisson regression: Poisson MLE

o Let the Poisson rate parameter vary across individuals with x in way

to ensure A > 0.

A = E[y|x] = exp(X'B).

@ MLE is straightforward given data independent over i.

f(y)
= Inf(y)
= InL(B)
. 3|na%(ﬁ)

=e M\ /y!
= —exp(xX'B) + yxX'B—Iny!
= Yo {—exp(xiB) + yixiB — Inyi!}

= Y1 {—exp(X;B)x;i + yix;}
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2. Poisson cross-section regression theory Poisson regression

Poisson regression: first-order conditions

@ The ML first-order conditions are

Y (v~ exp(B)xi = 0.

o~

@ No explicit solution for B.

> Instead use Newton-Raphson iterative method.
> Fast as objective function is globally concave in B.
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2. Poisson cross-section regression theory Poisson regression

Poisson regression: consistency of Poisson MLE

o ML first-order conditions are
27:1(5"' —exp(x;B))x; = 0.
e Consistency only requires (given independence over /)

E[(yi — exp(xiB))xi] = 0

@ So consistent if
Elyi|xi] = exp(x;B)

Poisson MLE is consistent if the conditional mean is correctly specified

> like MLE for linear model under normality (OLS)
> this robustness holds for only some likelihood based models.
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2. Poisson cross-section regression theory Poisson regression

Poisson regression: distribution of Poisson MLE

o If distribution is Poisson then B < A[B, VmLe[B]] where

Vwmie|B (Z 1 XiX; ) - using 9% In L(B)/9BoB = 2 exp(x

e If distribution is not Poisson but E[y;|x;] = exp(x!B) and

Vlyi|xi] = 02 then B < N[B, Vrog|B]] and we use the robust
sandwich estimate of variance (White (1982), Huber (1967))

VROB (Z HiXiX; ) o <2;(Yi - ﬁ,’)zxixf) (2, ﬁixixf') -

> VROB[B] :VMLE[B] if (7,2 = y; (imposed by Poisson)
> Vros|B] = aVyie[B] if 02 = ap; (used in GLM literature)
» Robust se's are much larger than default ML se's if & >> 1.
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FEESE TR B
ASIDE: derivation of robust sandwich

@ Take a first-order Taylor series expansion of }_;(y; — exp(xfﬁ))x;
about B.

~

Y (i —exp(xiB))xi = Y, (vi —exp(xiB))xi — Y, exp(xiB)xixi(B— B)

@ F.o.c. set this to zero and can show that R disappears asymptotically

Yy — po)xi + (X —pxix}) (B -B)=0
e S
0,

‘m)

(i pxi x/) x N [0, Y (T%x,-xf-]
(£ pxix)) ™ (S o2xixt) (5 pxix)) |

i

where y1; = exp(x(B), i; = exp(x/B) and 0? = E[(y; — p;)?].
o Asymptotically can estimate Y_; 07x;x; by (¥;(yi — 1;)%xix}) .

o If density is Poisson then simplifies to (¥, jt;x;x}) " as 02 = u,.
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3. Poisson regression example

3. Poisson regression example

@ 2003 MEPS data for over 65 in Medicare

@ Dependent variable: docvis

@ Regressors grouped into three categories:
» Health insurance status indicators

* private
* medicaid

» Socioeconomic
* age
* age2
* educyr

» Health status measures
* actlim
* totchr

@ global xlist private medicaid age age2 educyr actlim
totchr

> in commands refer to as $x1list
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3. Poisson regression example

Summary statistics

.Odescribeddocvisi$xTist

storaged0displaydoooovalue
variableOnamedOOtypennoformatiooooolabeloooooovariabledlabel

docvis 0floatn0n%9.0g #0doctorivisits

private Obytennn%8.0g =10ifohasOoprivatedsupplementarydinsuran
medicaid Obytennn%8.0g =101 fohasOMedicaidipublicOinsurance

age Obytennn%8.0g Age

age2 0floatnn%9.0g Agelsquared

educyr Obytennn%8.0g Yearsiofieducation

actlim Obytennn%8.0g =101ifoactivityolimitation

totchr Obyten00%8.0g #0chronicOconditions

.Osummarizeddocvisn$xlist,0sep(10)

oooovariable |EIDDI]DDDObSDDDDDDDDMeanDDDDStd.DDeV.DDDDDDDM‘inDDDDDDDDMaX

0ooooodocvis |000000367700006.82268200007.3949370000000000000000000144
private |00000036770000.49660050000.50005640000000000000000000001
medicaid |000000367700000.1667120000.37276920000000000000000000001

age |0000003677000074.2447600006.3766380000000006500000000090

age?2 |000000367700005552.9360000958.99960000000422500000008100

educyr |0000003677000011.1803100003.8276760000000000000000000017
actlim |000000367700000.3331520000.47140450000000000000000000001
totchr |000000367700001.84335100001.3500260000000000000000000008
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3. Poisson regression example

Poisson MLE with robust sandwich standard errors - preferred

.0*0PoissondwithOrobustistandardierrors
.Opoissonidocvisi$xlist,Ovce(robust)inologin//0PoissonirobustlSEs

Poissonlregressiond0000000000000000000000000000000Numbertofiobsio0= 0000003677
00000000000000000000000000000000000000000000000000waldochi2(7)0000= 0000720.43
00000000000000000000000000000000000000000000000000Prob0>0chi200000= 00000.0000
LogOpseudolikelihoodO= 0015019.6400000000000000000Pseudo0R20000000= 00000.1297

oooooodocvis

000000000000000Robust
000000Coef.000Std.0Err.000000z0000P>|2z|00000[95%0Conf.0Interval]

Jooooprivate
0oo0Omedicaid
ooooooooDage
goooooooage2
goooooeducyr
goooooactlim
oooooototchr
poopooo_cons

ooo.
ooo.
ooo.
ooo.
ooo.
ooo.
ooo.

14223240000.036356000003.910000.
0568264000001.710000.
0629776000004.660000.
0004166000004.640000.
0048454000006.100000.
0396569000004.700000.
0125786000019.750000.
00010.182210002.369212000004.300000.

0970005000.
2936722000.
0019311000.
0295562000.
1864213000.
2483898000.

000000000.0709760000.2134889

08800000.
00000000 .
00000000.
00000000,
00000000.
00000000,

01437730000.2083783
17023830000.4171061
00274750000.0011147
020059400000.039053
10869530000.2641474
22373610000.2730435

0000000014.8257800005.538638
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Poisson MLE with default ML standard errors - do not use
- These are misleadingly small due to overdispersion!!

.0*0PoissonOwithiOdefaultOMLOstandardOerrors

.Opoissonidocvisn$x1ist000000000000000000000//0PoissoniddefaultiMLOstandardierrors

Iterationn0:
Iteration0l:
Iteration02:

000Tog0Tikelihoodi= 015019.656
000Tog0Tikelihoodi= 0015019.64
000TlogOlikelihoodi= 0015019.64

Poissonlregressiond0000000000000000000000000000000Numbertofiobsii0= 0000003677
00000000000000000000000000000000000000000000000000LROchi12(7)000000= 0004477.98
00000000000000000000000000000000000000000000000000Prob0>0chi200000= 00000.0000
LogOlikelihoodO= 0015019.6400000000000000000000000Pseudol0R20000000= 00000.1297

0opooodocvis

0opopncoef.on0std. DErr.00000020000P>|z|00000[95%0Conf.0Interval]

gopoOdprivate
000Omedicaid
pgooopoooDage
000oo0000age2
0oooooeducyr
gopoooactTlim
gonooototchr
pooopobo_cons

o
o

.2483898000.0046447000053

000.1422324000.0143311000009.
000.0970005000.0189307000005.
000.2936722000.0259563000011.
000.0019311000.0001724000011.
000.02955620000.001882000015.
000.18642130000.014566000012.
o .480000
00010.18221000.9720115000010.

920000
120000
310000
200000
700000
800000

480000

.000000000.1141440000.1703208

.00000000.
.00000000.
.00000000.
.00000000.
.00000000.
.00000000.

059896900000.134104
24279880000.3445457
00226910000.0015931
02586760000.0332449
15787260000.2149701
23928640000.2574933

.0000000012.0873200008.277101

Robust se's are 2.5-2.7 times larger

Note: \/s2/y = /7.392/6.82 = 1/8.01
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3. Poisson regression example Coefficient interpretation

Poisson regression: coefficient interpretation
For the exponential conditional mean the marginal effect

ME; = aEa[)ny] = exp(x'B) x B; = E[y|x] x B

@ Conditional mean is strictly monotonic increasing (or decreasing) in
xjj according to the sign of ,Bj.

@ Coefficients are semi-elasticities:
ﬁj is proportionate change in conditional mean when x;; changes by
one unit.

© More precisely (exp(ﬁj) — 1) is proportionate change.
Programs have options to report exponentiated coefficients
(incidence-rate ratios).

Q Like all single-index models, if f; = 2f,, then the effect of one-unit
change in x; is twice that of x.
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ezl TiEpEEion
Poisson regression: coefficient interpretation (continued)

o Example: Epmate = 0.142.

» Private insurance is associated with an increase in mean doctor visits of

14.2%.

» More precisely the increase is
100 x (%142 —1) =100 x (1.153 — 1) = 15.3%.

» Alternatively the exponentiated coefficient is e0-142 — 1.153, so the
multiplicative effect is 1.153.

e Example: Bprivate = 0.142 and Btotchr = 0.248

> Since 0.142/0.248 = 0.57, private insurance has the same impact on
mean doctor visits as 0.57 more chronic conditions.

A. Colin Cameron  Univ. of Calif. - Davis .. Count Regression: Part 1 Aug 28 - Sept 1, 2017 19 / 65




el i
Marginal effects: Three types

o 1. Average marginal effect (AME): Evaluate at each x; and average
oE[yi|xi] 3 o R
AME = Zi T = 2[. exp(xf-ﬁ) X ﬁj

@ 2. Marginal effect at mean (MEM): Evaluate at x = X

OE[y[x] N
MEM = B—XJ . = exp(X'B) X B;

*

3. Marginal effect at representative value (MER): Evaluate at x = x
o AME is nest
» For population AME use population weights in computing AME.
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3. Poisson regression example Marginal effects

@ For Poisson with intercept in model AME = yﬁj

> Reason: f.o.c. Yj(y; —exp(xiB)) = 0 imply L exp(X/B) = y
» For Poisson can show that AME > MEM.

o Computation of marginal effects in Stata

after poisson (or other regression command) give command
margins, dydx(x) for AME

margins, dydx(*) atmean for MEM

margins, dydx(*) at(age=30 educyr=12) for MER

e Old Stata 10: add-ons mfx for MEM and margeff for AME.

vy vV VY
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3. Poisson regression example Marginal effects

e Marginal effects: AME (This page) versus MEM (next page)

.0*0JAMEOandOMEMOforoPoisson
.OquietlyOpoissonddocvisn$xlist,Ovce(robust)

.Omargins,0dydx(*)00000000//0AME: DAveragedmarginalioeffectiforioPoisson

AverageOmarginalleffects000000000000000000000000Numberfofiobs00000= 000003,677

Mode10VCEDDOD:

Robust

Expressiondd0: Predictedinumberiofievents,dpredict()
dy/dx0w.r.t.0: privateOmedicaidiagelage20educyriactlimitotchr

0oo0ooooooooobeltadmethod

gooooody/dxo0ostd.0Err.00000020000P>|z|00000[95%0Conf. 0Interval]

oooooprivate
0O00Omedicaid
poooooDoDage
pooooooooage2
goooodeducyr
poooodactTim
gooooototchr

000.97040670000.247564000003.920000.
000.6618034000.3901692000001.700000.
0002.003632000.4303207000004.660000.
000.0131753000.0028473000004.630000.
000.2016526000.0337805000005.970000.
0001.271893000.2749286000004.630000.
0001.694685000.0908884000018.650000.

00000000.485190200001.455623
09000000.102914300001.426521
000000001.16021900002.847045
00000000.01875590000.0075947
00000000.13544410000.2678612
00000000.733043200001.810744
000000001.51654700001.872823
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3. Poisson regression example Marginal effects

o Marginal effects: MEM

.Omargins, 0dydx(*)0atmean0d//0OMEM: OMEOforOPoissonlevaluatediatiaverageiofix

Conditionalomarginalieffects00000000000000000000Numberdoflobs0I0000= 000003,677

ModeTOVCEODDOO: Robust

Expressiondl0: Predictedinumberdofievents,Opredict()
dy/dx0w.r.t.0: privateOmedicaidiageiage20educyriactlimitotchr

at00000000000:Oprivate =0000.4966005 (mean)
0oooooooooooonomedicaid =00000.166712 (mean)
000000ooonoooon0age =000074.24476 (mean)
000000000000000age2 =00005552.936 (mean)
000000000000000educyr =000011.18031 (mean)
0000000o0oo0oo0actlim =00000.333152 (mean)
0oo0ooooooooooodtotchr =00001.843351 (mean)

gooooody/dxooostd. 0Err.000000z0000P>|z|00000[95%0Conf. 0Interval]

0oo0ooooooooobeltadmethod
oooooprivate |000.8914309000.2270816000003.
000Omedicaid |0000.607943000.3577377000001.
0oooo000Dage |0001.840568000.3924682000004.
goooooboage? |0000.012103000.0025973000004.
goooodeducyr |000.1852413000.0306709000006.
goooodactlim |0001.168381000.2516143000004.
gooooototchr |0001.556764000.0760166000020.

930000.
700000.
690000.
660000.
040000.
640000.
480000.

00000000.446359100001.336503
0890000000.0932100001.309096
000000001.07134500002.609792
00000000.01719360000.0070125
00000000.12512750000.2453551
00000000.675226400001.661536
000000001.40777500001.705754
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ERNITES WS WVETN I Factor Variables

Factor variables

@ Problem: obtaining ME in models with interactions and polynomials
@ Solution: Factor variable operators # and ##
» also i. for discrete variables uses finite difference not derivatives

o Now can get ME with respect to age allowing for age? in model.
@ Also now the i. variables have a somewhat different ME.

.0*0ATso0factorivariablesiandinoncaculusimethods
.0*0TheOi.0areddiscretedandiwillicalculatedMEOofOonelunitichanged(notiderivative)
.0*0Thelc.age##agelmeansiagelandiagelsauarediappeariandIMEDisOw.r.t.0age
.OquietlyOdpoissonidocvisii.privateldi.medicaidic.age##c.ageleducyrii.actlimitotchr,Ovce(robust)

.Omargins, 0dydx(*)0//0MEM: OMEOforOPoissondevaluatediatlaveragelofix

AverageOmarginalieffects000000000000000000000000Numberiofiobsinono= 000003,677
ModelOVCEOODD: Robust

Expressiondil: Predictedinumberiofievents,Opredict()
dy/dx0ow.r.t.0: 1l.privatedl.medicaidlagededucyril.actlimitotchr

000000000000DeT tadmethod
poooondy/dxooostd. 0Err. 000000Z0000P> |z |00000[95%0Conf. 0Interval]

000l.private |000.9701906000.2473149000003.920000.00000000.485462200001.454919
00l.medicaid |000.6830664000.4153252000001.640000.100000000.13095600001.497089
poopoooobage |000.0385842000.0172075000002.240000.02500000.00485810000.0723103
0ooooDeducyr |[000.2016526000.0337805000005.970000.00000000.13544410000.2678612
0oool.actlim |0001.295942000.2850588000004.550000.00000000.737236700001.854647
poopoototchr |0001.694685000.0908883000018.650000.000000001.51654700001.872823

Note:Ody/dx0forifactorilevelsiisOtheddiscretelchangedfromithelbasellevel.
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4. Summary of remaining topics

4. Summary of remaining topics

@ The Poisson is a generalized linear model (GLM)

» the framework used in the statistics literature for nonlinear regression

> leading examples are OLS, logit, probit, gamma regression

> in Stata use command glm with family member poisson and log ling
function.

@ The Poisson MLE is generally inefficient
> but generally not great efficiency loss (like OLS versus GLS)
@ But it is usually the wrong model if we want to predict probabilities

> intuitively Poisson has only one parameter y whereas e.g. the normal
has p and 0

@ The standard better ML model is the negative binomial distribution

>

* then Var(y) = u+ au? (overdispersion) versus Poisson Var(y) = u.
* in Stata use command nbreg.
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4. Summary of remaining topics

4. Summary of remaining topics (continued)

@ Count data may be record no zeroes

» e.g. record number of doctor visits only for those who visited the clinic
at least once
> then use truncated MLE.
@ Count data may be topcoded

» e.g. record number of doctor visits as 0, 1, 2, 3, 4 Or more.
> then use censored (from above) MLE.

Count data may be interval recorded.
Count data even if fully observed often have “too few zeroes”

» e.g. fewer zeroes than predicted by a negative binomial model.
> then two approaches

* hurdle model - one model for = 0 or > 0 and separate model given > 0
* with zeroes model

—~2
. 2 . 2 _ o~
@ Most natural extension of R* is R¢,, = Cor [y;, yil.
@ Compare nonnested parametric models using AIC or BIC.
@ Quantile regression has been extended to counts.
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5. Generalized linear models

5. Generalized linear models

o Generalized linear models (GLM) is the framework used in the
statistics literature for nonlinear regression

> a brief introduction that may be skipped depending on time.
o Leading examples are

OLS regression for y € (—o0, c0)

Logit and probit regression for y € {0,1}

Poisson regression for y € {0,1,2,3,...}

Gamma regression including exponential for y € (0, o)

vV VY VY

@ In Stata use command glm

> specify the GLM family member: here poisson

> specify the link function (inverse of the conditional mean function):
here log

» get robust standard errors: vce (robust)
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5. Generalized linear models

Poisson GLM with robust sandwich standard errors

.0gImodocvisi$xlist,0family(poisson)nlink(log)Ovce(robust)inolog

GeneralizedOlineariomodelsO0000000000000000000000000No.0oflobs000000= 000003677
OptimizationD0o000: MLOOOOOOOOO000000000000000000000Residualodfooonoo= 000003669
00000000000000000000000000000000Scalelparameterd= 000000001
Deviance000000000=0018395.1403300000000000000000000(1/df)0Deviancen=005.013666
Pearson0000000000=0023147.3778100000000000000000000(1/df)0Pearsonni=006.308906

varianceOfunction: v(u)0=0u
LinkOfunctionoono: g(u)o=0Tn(u)

LogOpseudolikelihoodo= 0015019.6398

[Poisson]

[Log]

AICO000000000000=008.173859
BICOO000000OO0O000=0011726.81

gooooodocvis

000000000000000RObuUSt
gooooocoef.n00Std.0Err.000000Z0000P>|z|00000[95%0Conf.0Interval]

Jooooprivate
oooOmedicaid
poopooooboage
ooooooodage?2
pgoooooeducyr
goooooactlim
gooooototchr
poopooo_cons

ooo.
ooo.
ooo.
ooo.
ooo.
ooo.
goo.

14223240000.036356000003.910000.
0568264000001.710000.
0629776000004.660000.
0004166000004.640000.
0048454000006.100000.
0396569000004.700000.
0125786000019.750000.
00010.182210002.369212000004.300000.

0970005000
2936722000.
0019311000.
0295562000.
1864213000.
2483898000.

000000000.0709760000.2134889

08800000.
00000000.
00000000 .
00000000.
00000000,
00000000

01437730000.2083783
17023830000.4171061
00274750000.0011147
020059400000.039053
10869530000.2641474
22373610000.2730435

0000000014.8257800005.538638

Exactly same as poisson, vce(robust)
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5. Generalized linear models

ASIDE: What is a generalized linear model?

o Class of models based on linear exponential family (LEF):
» normal, binomial, Bernoulli, gamma, exponential, Poisson.

@ Specifically for the LEF

Flyiln)) = exp{a(p;) + b(yi) + c(p;)yi}
Elyi] = wi=—a'(u;)/c(n)
Viyil = 1/c(w)
@ For regression specify a model of the mean
> wp =i (B) = pi(xi, B).
@ Poisson is a member with

> a(u) = —p; c(p) =Inp
> a(p)=—1land c'(u) =1/p
» Elyl = —(-1)/(1/p) =pand Vly| =1/(1/p) = p.
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5. Generalized linear models

@ Quasi-MLE maximizes the log-likelihood

InL(B) =) Inf(yilp;(B) = Y {a(p;(B)) + blyi) + c(u;(B))yi}-

@ The first-order conditions are

Ao (1, (B) + ¢, ()i} < L4 =0
= (B x (i — (1, (B)) /€ (B))} x 24 =
= Zim{%‘— (B )}Xayéfsﬂ) =0

o MLE based on LEF with pi; = g(x!B) shares the robustness properties
of normal and Poisson MLE

> consistency requires correct specification of the mean (so
El{yi —ui(B)}] =0).
@ But correct standard errors should use a robust estimate of variance

» Robust sandwich s.e.’s or
» Default ML s.e.’s multiplied by /& where V[y;|x;] = a x h(E[y;|x;]).
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5. Generalized linear models

ASIDE: Nonlinear least squares estimator

@ Alternative estimator for counts that is not used, because Poisson is
simpler and is usually more efficient.

Specify same conditional mean as Poisson: E[y;|x;] = exp(x.B).

Minimize sum of squared residuals: YV ; (y; — exp(x/8))?.
NLS is consistent provided E[y;|x;] = exp(x.B)

BNLS 2 N[B., VmLe[B]] and use robust sandwich variance estimate:

VROB ’BNLS (Z y,xx> (Zi(yi ]A,xx) <Z H,xx)

For doctor visits data

» nl (docvis = exp({xb: $x1list}+{b0})), vce(robust)
» NLS robust standard errors are 5-20% larger than those for Poisson
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6. Diagnostics: residuals and influence measures

@ Some diagnostics come out of the GLM literature.
@ Residuals (for Poisson)

» Raw: r; = (y; —ﬁi)

> Pearson: p; = (y; ﬁ)/w/ﬁ,

» Deviance: d; = SIgn vi— i)\ 2yin(yi/i;) — (vi — 1)}
Anscombe: a; = 1.5(y; 2/3 2/3)/741/6

Last three will be standardized if V[y,] = ;.

v

v

@ Small-sample corrections (for Poisson)

> Hat matrix: H = W 2X(X'WX) 'X'W/2; W = Diag][ji,].
> Studentized residual: pj = p;/+/1 — hj; and d = d;/+/1 — hj;.

@ Influential observations:

> Rule of thumb: h; > 2K/N R
» Cook's distance: C; = (p;‘)2h,-/K(1 — hjj) measures change in B when
observation i is omitted.
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A. Colin Cameron

.Osummarizeldrrawdrpearsonirdeviancelranscombefhaticooksd, Osep(10)

pgooovariable

00000000bsOO00000OMeand000Std.O0Dev.0000000Min00000000Max

pooooooOrraw
rpearson
rdeviance
ranscombe
hat

cooksd

0ooooo367700007.08e01000006.80817800029.12996000136.9007

00000036770000
0ooooo36770000
000oo036770000
00000036770000
0ooooo36770000

.006073700002.5093540004.91474600051.38051
.343845300002.2103970006.08706700024.35213
.363408700002.2541190006.15376200025.72892
.00217570000.0015322000.00070230000.027556
.00193570000.01775160006.54e0110000.964198

.0correlatelrrawdrpearsonirdeviancelranscombe

(obs=3677)
ooooorrawdrpearsonirdevia~eldransco~e
gooooooorraw [0001.0000
rpearson [0000.97920001.0000
rdeviance |0000.94540000.96690001.0000
ranscombe |0000.94350000.96610000.99980001.0000

The various residuals are highly correlated.
The raw residuals sum to zero due to f.o.c.
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Diagnostics: R-squared measures

o Different interpretations of R? in linear model lead to different R? in
nonlinear model. Most are difficult to interpret in nonlinear models.
@ Simplest: squared correlation coefficient between y; and y; = Ji;

R2, = Cor [y, 5]
@ Sums of squares measures differ in nonlinear models
Ries = 1 — ResSS/TotalSS # Rg,, = ExpSS/TotalSS
@ Relative gain in log-likelihood (Lg is intercept model only)
> InLg—1Inly B In Linax — In Lz
R Ilmax—Inly ~ Inlpa—Inly’

> Works for Poisson as In Lyax occurs when u; = y;.
» Unlike others 0 < RI%G < 1and RI%G always increases as add regressors.

@ Stata measure is only applicable to binary and multinomial models

Rcudo = 1 —InLg:/ InLy.
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ASIDE: Diagnostics: overdispersion test

e Hy :V|]yi|x;] = E[yi|x;] versus
Hy :Vlyilxi] = Elyilxi]+ a(E[yi|xi])>.
@ Test Hy : « = 0 against H; : & > 0.

@ Implement by auxiliary regression

((vi = 1:)* = yi) /i; = aji; + error

and do t test of whether the coefficient of 7, is zero.
@ In practice can skip this test and just do Poisson with robust s.e.’s.

@ Test is useful as can also use this test for test of underdispersion,
whereas other tests (such as LM of Poisson vs. negative binomial)
only test overdispersion.

@ If we are just modelling the conditional mean, overdispersion is okay
provided robust standard errors are calculated.
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ASIDE:

Example of overdispersion test.

.0*00overdispersionOtestiagainstiVv[y|x]0=0E[y|x]0+0a*(E[y|x]A2)
.OquietlyOpoissonidocvisO$xlist,Ovce(robust)

.OpredictOmuhat,On
.OquietlyOdgeneratelystari=0((docvisOmuhat)A2000docvis)/muhat

.OregressiystarOmuhat, 0noconstantOnoheader

0000000ystar |000000Coef.000Std.0Err.000000t0000P>|t|00000[95%0Conf.0Intervall

ooooooomubhat 0.7047319000.1035926000006.800000.00000000.50162730000.9078365

Very strongly reject Hy. Data here are overdispersed.
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Diagnostics: predicted probabilities

@ Now suppose we want to predict probability of 0 doctor visits, 1
doctor visits, ....

o Observed frequency p; (fraction of observations with y; =J).
o Fitted frequency p; = N"2 YN | p;

> predicted probability pj; = Pr[y; = j] = e‘ﬁiﬁ{:/j! for Poisson.
@ Expect p;j close to pj, j =0,1,2,....
@ Informal statistic is Pearson's chi-square test

Z (nﬁj - n/lsj)2
j

np;j

but this is not x2 distributed due to estimation to get p;.

A. Colin Cameron  Univ. of Calif. - Davis .. Count Regression: Part 1 Aug 28 - Sept 1, 2017

37 /65



Instead do a formal chi-square goodness of fit test.

Assuming that the density is correctly specified (so more applicable to
models more general than Poisson) this can be computed as NR2
(uncentered R?) from the artificial regression

125/(Yivxn ’Y+Z ’J yl ﬁij)’(;j+error

@ where

> j denotes cells (e.g. values 0, 1, 2, 3, and 4 or more)

> djj(y;) equals 1 if y; is in cell j and 0 otherwise

> pjj equals predicted probability for that cell

> si(yi x;,0) =0 Inf(yi[x;,0)/90 (= (yi —exp(x;B)) for Poisson).
@ Reject at level a if NR? > x2(J — 1) where J is number of cells.
@ Use Stata add-on chi2gof: e.g. chi2gof, cells(11l) table
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Stata add-on chi2gof, cells(11) table yields x2(10) statistic equals
1103.43.
Clearly problem as Poisson greatly underpredicts low counts e.g. for y = 0.

.0Ochi2gof,0cells(11)0table
chinsquarenGoodnessiofOFitiTestOforoPoissoniModel:

pgopoooooochiosquaredchi2(10)0= 1103.43
000000000Prob>chi200000000000= 0000.00

000000000000000000000000000000000000000F1tted
000000Ce11s00Abs.OFreq.00Rel.0Freq.00Rel.0Freq.000Abs.0Dif.

000000000000000401000000000.10910000000.00740000000.1017
000000001000000314000000000.08540000000.02960000000.0558
000000002000000358000000000.097400000000.0630000000.0344
000000003000000334000000000.09080000000.09540000000.0045
000000004000000339000000000.09220000000.11590000000.0237
000000005000000266000000000.07230000000.12120000000.0489
000000006000000231000000000.062800000000.1140000000.0511
000000007000000202000000000.05490000000.09940000000.0444
000000008000000179000000000.04870000000.08210000000.0335
000000009000000154000000000.04190000000.06550000000.0236
0100orOomore 000791000000000.24450000000.20670000000.0378

(supersedes addon countfit: compares actual and fitted frequencies but
no test).

A. Colin Cameron  Univ. of Calif. - Davis .. Count Regression: Part 1 Aug 28 - Sept 1, 2017 39 / 65



7. Negative binomial regression Motivation

7. Negative binomial regression: motivation

@ Count data are often overdispersed with more zeros and more high
values than a Poisson distribution predicts.
@ Doctor visits: Frequencies with 11-40 and 41-60 grouped

.OtabulateOdvrange

dvrange |000000Freq.00000Percentd0000000CuUM.

0o00oooooo0 |00000000401000000010.91000000010.91
0oooooooool |00000000314000000008.54000000019.45
00000000002 |(00000000358000000009.74000000029.18
00000000003 |00000000334000000009.08000000038.26
00000000004 |(00000000339000000009.22000000047.48
00000o00o0o0S |00000000266000000007.23000000054.72
00000000006 |(00000000231000000006.28000000061.00
00000000007 |00000000202000000005.49000000066.49
00000000008 |00000000179000000004.87000000071.36
0000ooo0oo9 |00000000154000000004.19000000075.55
00000000010 |(00000000108000000002.94000000078.49
00000011040 |00000DDO774000000021.05000000099.54
00000041060 |00000000014000000000.38000000099.92
00000000073 |00000000001000000000.03000000099.95
00000000106 |(00000000001000000000.03000000099.97
goooooool44 |000000DDOO01000000000.03000000100.00

ooooooTotal |0000003,677000000100.00
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7. Negative binomial regression Motivation

Poisson (white) with A = y compared to actual data (grey)

| I
(7]
f=
j)
[a]

| n

s

|_hlllllll.lln -
0 10 20 0 20

# Doctor visits versus Poisson

Poisson clearly inappropriate: y = 6.82, s, = 7.39, 53 = 54.68 ~ 8.01y.
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Neeativeloinomial[distiEnEion
Negative binomial distribution
@ Negative binomial is a Poisson-gamma mixture.

y ~ Poisson[\v]

v ~ Gammaly =1,0° =]

then
y ~ Negative Binomial[y = A, 0> = A+ aA?].

@ Probability mass function:

P = el = P(Z(_Di;;)r/)—fl) (zx—pi:lr)t) (A +Aa—1>y'

@ Mean and variance:

Ey] = A
V[y] = A4aA?

@ Overdispersion: variance > mean.

A. Colin Cameron  Univ. of Calif. - Davis .. Count Regression: Part 1 Aug 28 - Sept 1, 2017 42 / 65



7. Negative binomial regression Negative binomial distribution

o Negative binomial for A = y and & = 0.8408 compared to actual data

-

Density
.05
Il

‘ Hﬂﬂﬂﬂﬂ'lﬁmnnmm oo o

0
# Doctor visits versus negative binomial

@ Negative binomial much more appropriate than Poisson for these data.
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7. Negative binomial regression Negative binomial distribution

Negative binomial regression
@ Negative binomial (Negbin 2) permits overdispersion.
-1
I'(y+a! a”l " A y
flylA a) = ( 11 ] T 1] -
T(y+1)T(a1) \a"l+A a~t4+A
@ Same conditional mean but different conditional variance to Poisson
Ely[x] = A=exp(x'B)
Vlylx] = A4aA? =exp(X'B) +a(exp(x'B))2
@ The ML first-order conditions w.r.t. B and & are (with y; = exp(x;B))

v Yi—exp(xiB)
Lis1 1+ aexp(x;B) x =0

1 . 1 p—ry

N YI_]- y’ yl _
V3 (14 ap) — Y —0
Z/_l{az (n( + ap;) j=0 (j+rx1)) +o¢(1+ay,)}

e Can additionally allow & = exp(x’7y) (generalized negative binomial).
o Can instead use Negbin 1: V[y|x] = (1 4+ a)A = (1 +a) exp(X'B).

e Often little efficiency gain (if any) over Poisson with robust-s.e's.
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Weggidive bmemef disiiauie
Negative binomial MLE with ML default standard errors

.Onbregidocv

is0$x1ist,0nolog

NegativeObinomialOregression0000000000000000000000Numbertoofiobsi00= 000003677

Dispersionin
LogOTikeliho

000= mean
od0= 010589.339

LROchi2(7)000000= 000773.44
Prob0>0chi200000= 0000.0000
Pseudo0R20000000= 0000.0352

oopooodocvis

nooooocoef.000Std.DErF.00000020000P>|2z|00000[95%0Conf.0Interval]

gonodprivate
oopomedicaid
gopooooooage
gopoonobage2
oopoobeducyr
gopoooactlim
oopooototchr
0opoooo_cons

000.1895376000.0347601000005

000.1640928000.0332186000004.
0000.100337000.0454209000002.
000.2941294000.0601588000004.
000.0019282000.0004004000004.
000.0286947000.0042241000006.

000.2776441000.0121463000022.
00010.297490002.247436000004.

940000.
210000.
890000.
820000.
790000.
.450000.
860000.
580000.

00000000.09898560000.2292001
02700000.01131370000.1893603
00000000.17622030000.4120384
00000000.00271290000.0011434
00000000.02041570000.0369737
000000000.1214090000.2576662
00000000.25383780000.3014505
0000000014.7023800005.892595

0ooo/1nalpha

000.4452773000.03067580000000000000000000000.50540070000.3851539

gooooooalpha

000.6406466000.01965230000000000000000000000.60326380000.6803459

LikeTihoodOr

atiodtestOofOalpha=0: chibar2(01)0=08860.600Prob>=chibar20= 0.000

Likelihood ratio test of & = 0 prefers NB to Poisson (p < 0.05)

- where critical values use half x?(1) as @ = 0 is on boundary of NB.
Fitted frequencies close to observed frequencies (from output not given)
chi2gof, cells(11) table yields x2(10) statistic equals 53.62.
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7. Negative binomial regression Negative binomial distribution

Poisson and negative binomial MLE with different standard error estimates

0000000000000000000000(1)0000000000000(2)0000000000000(3)0000000000000(4)0000000000000(5)
00000000000000000PDEFAULTO0000000PROBUSTON000000PPEARSONOONNNNINBDEFAULTOOO0000INBROBUST

docvis
private 00000000.1422%**00000000. 1422**“DDDDDDDO 1422**+DDDD]D]0 1641***00000000. 1641“*“
(0.0143) (0.0364) (0.0360) (0.0332) (0.0369)
medicaid 00000000.0970***00000000.097000000000000.0970%0000000000.1003*0000000000. 1003
(0.0189) (0.0568) (0.0475) (0.0454) (0.0567)
age 00000000.2937%%*%00000000.2937%**00000000.2937***00000000. 2941***D][DDDDO 2941%%*
(0.0260) (0.0630) (0.0652) (0.0602) (0.0646)
age?2 00000000.0019***00000000.0019***00000000.0019***00000000.0019%***00000000. 0019
(0.0002) (0.0004) (0.0004) (0.0004) (0.0004)
educyr 00000000, 0296“**DDD][DDO 0296***00000000. 0296***DDDD]D]0 0287***00000000. 0287***
(0.0019) (0.0048) (0.0047) (0.0042) (0.0049)
actlim DDDDDDDO 1864***DDD][DDO 1864***DDDDDDDO 1864**“DDDD]D]O 1895***D][DDDDO 1895***
(0.0146) (0.0397) (0.0366) (0.0348) (0.0394)
totchr 00000000.2484%**00000000.2484***00000000.2484***00000000.2776%**00000000.2776%%*
(0.0046) (0.0126) (0.0117) (0.0121) (0.0132)
_cons 00000010.1822***00000010.1822%**00000010. lBZZ***DDDD]DlO 2975***D][DDD10 2975%%*
(0.9720) (2.3692) (2.4415) (2.2474) (2.4241)
Tnalpha
_cons

00000000000000000000000000000000000000000000000000000000.4453%**%00000000.4453
(0.0307) (0.0378)

00000000036770000000000003677000000000000367700000000000036770000000000003677

A. Colin Cameron  Univ. of Calif. - Davis ..

pseudoDRDsq 000000000.130000000000000.1300000000000000000000000000000.035000000000000.035

StandardCOerrorsiinOparentheses
*0p<0.05, 1%*0p<0.01, 0***Ip<0.001
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8. Richer parametric models

8. Richer parametric models

o Data frequently exhibit “non-Poisson” features:

» Overdispersion: conditional variance exceeds conditional mean
whereas Poisson imposes equality.
» Excess zeros: higher frequency of zeros than predicted by Poisson.

@ This provides motivation for richer parametric models than basic
Poisson.
@ Some models still have E[y|x] = exp(x'B)

» Then richer model can provide more efficient estimates.

@ Other models imply E[y|x] # exp(x'B)

» Then Poisson QMLE is inconsistent
» And marginal effects and coefficient interpretation more difficult.

Many of these models are fully parametric and require correct
specification for consistency.
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8. Richer parametric models BN RETES

Counts left-truncated at zero

@ Sampling rule is such that observe only y and x for y > 1
i.e. only those who participate at least once are in sample.

@ Truncated density (given untruncated density f(y|x, 0)) is
fylx. 6) fylx. 6)

vl 8.y 2 1) = 50 S5k 8] ~ = F(0lx.0)]

@ MLE is inconsistent if any aspect of the parametric model is
misspecified.

@ Need to assume that the process for nonzeroes is the same as zeroes.

» e.g. If data are on annual number of hunting trips for only those who
hunted this year, then a missing 0 is interpreted as being for a hunter
who did not hunt this year (rather than for all people).

Stata commands ztp (poisson) and ztnb (negative binomial)

» ztnb docvis $xlist if docvis>O0, nolog
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8. Richer parametric models INESEIERCETES

Counts right-censored

@ Sampling rule is that observe only 0, 1, 2, ..., ¢ — 1, ¢ or more
i.e. Only record counts up to ¢ and then any value above c.
o Censored density (given uncensored density f(y|x, 8) and cdf is

Fylx,0))

f(y[x,0) y<c—1
1-Flc—1|x,0) =1-Y0 F(j|x,0) y=c

o Log-likelihood (where d; = 1 if uncensored and d; = 0 if censored)

L(0) = le.vzl{d,- Inf(yi|x;,0) + (1 —d;)In(1— ZJC:_; f(j|xi,0))}
@ MLE is inconsistent if any aspect of the parametric model is
misspecified
» So pick a good density - at least negative binomial.

@ Stata code up yourself
> using command ml (for user-defined likelihood).
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RIS AETET TNV SIEM  Counts recorded in intervals

Counts recorded in intervals

@ Sampling rule is that observe only counts in ranges.
e.g. 0, 1-4, 5-9, 10 and above.
@ Interval density is simply

Prla<y <] =Y f(ilx0).

o Let interval ranges by [ag, a1 — 1], [a1, a2 — 1], ...., [am, am+1), where
a =0, apy1 = .
Let dk be binary indicators for whether in interval k (k =0, ..., m).
Then

Int(8) = Yo, [Xrodiin (Lo Filx.0))]

@ MLE is inconsistent if any aspect of the parametric model is
misspecified.

@ Stata has no command so need to code up.

@ For convenience could instead use ordered logit or probit here.
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RN ATE AR CHNV B Hurdle model or two-part model

Hurdle model or two-part model

@ Suppose zero counts are determined by a different process to positive
counts.

> Zeros: density f1(y|x1,01) so Prly = 0] = 1(0) and
Prly > 0] =1—1£/(0).
> Positives: density f(y|x2, 82) so truncated density f(y)/(1 — £(0)).

@ e.g. First - do | hunt this year or not?
Second - given | chose to hunt, how many times (> 1)?

@ Combined density is

ﬁ(}/\xl(,f"l) ) y=0
f(y|x1,x1,91,62) = 1—fl 0X1,91

— < X £ .0 >1
1—f2(0|X2,62) X 2<y|X2 2) y_

@ MLE is inconsistent if any aspect of model misspecified.
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I TS TR ETE SN S Hurdle model or two-part model

Conditional mean is now

Ely|x] = Prly1 > 0[x1] X Ey,~0ly2|y2 > 0, x2].

This makes marginal effects more complicated.

Example: fi(-) is logit and % (-) is negative binomial.
Then

Elylx] = A(x1B) x exp(xyB) /[1 — (1 + a2 exp(x)) /%],

where A(z) = €7 /(1 + €7).
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A. Colin Cameron

8. Richer parametric models

Hurdle model or two-part model

Hurdle model - logit and negative binomial: Stata addon hnblogit

.0hnblogitOdocvisi$xlist,Onolog

NegativeOBinomialOLogitOHurdleORegressionn00000000Numberdoflobsin0= 0000003677
00000000000000000000000000000000000000000000000000wWaldochi2(7)0000= 0000309.90
LogOlikelihoodn= 010493.22500000000000000000000000Prob0>0chi200000= 00000.0000

oopooocoef.ooostd.DErr.000000z0000OP>|z|00000[95%0Conf.0Intervall

Togit

gooooprivate
0ooOmedicaid
0oooooonoage
oooooooDage
goooooeducyr
ooooooactlim
nooooototchr
0oooood_cons

000.6586978000.1264608000005.
000.0554225000.1726694000000.
0000.542878000.2238845000002.
000.0034989000.0014957000002.
0000.047035000.0155706000003.
000.1623927000.1523743000001.
0001.050562000.0671922000015.
00020.941630008.335138000002.

210000.
320000.
420000.
340000.
020000.
070000.
640000.
510000.

00000000.41083930000.9065563
74800000.28300320000.3938483
01500000.10407240000.9816835
01900000.00643040000.0005673
00300000.01651710000.0775529
28700000.13625540000.4610408
00000000.918867600001.182256
01200000037.278200004.605058

negbinomial

gooooprivate
0ooOmedicaid
gpoooobodage
oooooooDage
goooooeducyr
poopopactTim
goopoototchr
0oooooo_cons

000.1095566000.0345239000003.
000.0972308000.0470358000002.
000.2719031000.0625359000004.
000.00179590000.000416000004.
000.0265974000.0043937000006.
000.1955384000.0355161000005.
000.2226967000.0124128000017.
0009.1901650002.337592000003.

170000.
070000.
350000.
320000.
050000.
510000.
940000.
930000.

002000000.0418910000.1772222
03900000.00504230000.1894193
000000000.1493350000.3944712
00000000.00261130000.0009805
00000000.017985900000.035209
000000000.1259280000.2651487
00000000.19836810000.2470252
0000000013.7717600004.608569

gooo/Inalpha

0000.525962000.0418671000012.

560000.

0000000000.6080200000.443904

AICOStatisticO= 00005.712
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RN ETET STV Sl Zero-inflated model

Zero-inflated model (or with-zeroes model)

@ Suppose there is an additional reason for zero counts

» Extra model for 0: density f (y|x1,61)
» Usual model for 0: realization of 0 from density f(y|x2, 62).

e.g. Some zeroes are mismeasurement and some are true zeros.

Zero-inflated model has density

f(y|x1, X1, 91, 92)

{ f1(0|x1,01) + [1 — A (0[x1,601)] X L(0|x2,02) y =0
[1— A(0[x1,01)] x -fa(y|x2, 62) y>1

MLE is inconsistent if any aspect of model misspecified.

Not used much in econometrics - hurdle model more popular.
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8. Richer parametric models

Zero-inflated model

Zero-inflated negative binomial: Stata command zinb and zip

.0zinbodocviso$xlist,ninflate($x1ist)Ovuonginolog

ZeroDinflatedinegativeObinomialiregressionino00000NumbernofiobsnO0= 000003677
NonzerofobsO000O= 000003276

ZeroUobs00000000= 000000401

InflationOmodelo= Togit LROchi2(7)000000= 000588.93
LogOlikelihoodOO= 010492.88 Prob0>0chi200000= 0000.0000
000000Coef.000Std. OErr.0000002z0000P>|2z|00000[95%0Conf.0Interval]

docvis

pooooprivate
oooomedicaid
0oonooondage
0oonoooDage2
goooodeducyr
goooodactlim
ooooodtotchr
0ooonooo_cons

000.12897970000.032987000003.910000.
000.10919560000.044511000002.450000.
000.2847325000.0589577000004.830000.
000.0018781000.0003922000004.790000.
000.0253991000.0041432000006.130000.
000.1737716000.0336464000005.160000.
0000.229991000.0120795000019.040000.
0009.6802350002.204161000004.390000.

00000000
01400000
00000000
00000000
00000000
00000000
00000000

.064326400000.193633
.02195560000.
.16917760000
.00264690000
.01727860000
.10782580000
20631560000

1964356

.4002874
.0011093
.0335196
.2397173
.2536663

0000000014.00031000005.36016

inflate

0ooooprivate
Oooomedicaid
ooonoooooage
ooonooobDage2
poooodeducyr
googodactlim
ooonodtotchr
0oonooo_cons

000.9152675000.
000.3487142000.
000.4357439000.
0000.002805000.
00000.08423000.
000.8241735000.
0002.985208000.

2758402000003.320000.
3372848000001.030000.
5156094000000.850000.
0034886000000.800000.
0339273000002.480000.
4825621000001.710000.
6860952000004.350000.
00017.0961800018.97318000000.900000.

001000001.4559040000.3746307
30100000.3123519000001.00978
3980000001.446320000.5748319
42100000.00403260000.0096426
01300000.15072630000.0177336
088000001.7699780000.1216309
0000000004.3299300001.640486
3680000020.09057000054.28294

0o000/Inalpha

000.5848279000.0349792000016.720000.

00000000.65338590000.5162699

gooooobalpha

000.5572017000.01949050000000000000000000000.52028120000.5967423

vuongOtestOofizinbivs.Ostandardinegativedbinomial:0z0= 00006.4800Pr>z0= 0.0000
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RN ETET NN BB Continuous mixture models

Continuous mixture models
@ Mixture motivation for negative binomial assumes y |6 ~ Poisson ()
where 8 = Av is the product of two components:

» observed individual heterogeneity A = exp(x'B)
> unobserved individual heterogeneity v ~ Gammal[l, «].

@ Integrating out
hylh) = [ F(yIAv)g(v)do = [[e (0} /1] x g(v)dv

gives y|A ~ NB [A, A +aA?]if v ~ Gammal[l, a.
@ Different distributions of v lead to different models

> e.g. Poisson-lognormal mixture (random effects model)
» e.g. Poisson-Inverse Gaussian.

@ Even if no closed form solution can estimate using

> numerical integration (one-dimensional) e.g. Gaussian quadrature.
» Monte Carlo integration e.g. maximum simulated likelihood.
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I NI ST ETED S (Il I S El  Hierarchical models

Hierarchical models

@ For multi-level surveys cross-section data individuals / may be in
cluster j

> e.g. patient i in hospital j
» e.g. individual i in household j or village j

@ Hierarchical model or generalized linear mixed model example

Yi o~ Poisson[yij = exp(xj.jlgj +e5)]
B = Wjr+y

ej ~ N[0,07]

vj ~ N0, Diag[o]]

» Estimate by MLE or by Bayesian methods
» Stata command mepoisson
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Wiodt @nperEsn
Model comparison for fully parametric models

@ Choice between nested models using likelihood ratio tests
> e.g. Poisson versus negative binomial.

@ Choice between non-nested models using Vuong's (1989) likelihood
ratio test

» e.g. Zero-inflated NB versus NB

@ Choice between non-nested mixture models using penalized

log-likelihood
> Akaike's information criterion (AIC) and extensions (g = #
parameters)
AIC = —2InL+2q
BIC = —2InL+gkinN
CAIC = —2InL+q(1+In)N

» Prefer model with small AIC or BIC.
> AIC penalty for larger model too small. Bayesian IC (BIC) better.
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8. Richer parametric models Model comparison

o Compare predicted means: E[y|x, ).

e Compare observed frequencies p; to average predicted frequencies

where p;j = Pr[y; = j].
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8. Richer parametric models Model comparison

Compare AIC, BIC for regular NB, hurdle logit/NB and zero-inflated NB.

pOStatistics |DOOONBREGOOOOOOOOOHURDLENBOOOOOOOOOZINB

00000000D0O0OON |000000000O3677  0O0O0DDODDDO3677  DOODOOOOO3677
000000000071 |00000010589.3 00000D0D10493.2 0000D0D0D10492.9
gopooobopaic |00000021196.7 00000021020.4  00000021019.8
000000000bic |00000021252.6 00000021126.0 00000021125.3

Hurdle NB and ZINB are big improvement on regular NB

- InL is approximately 100 higher than for NB

- AIC and BIC is much smaller (with only 9 extra parameters)
Little difference between Hurdle NB and ZINB.
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8. Richer parametric models Model comparison

The conditional means from the three models are similar.

.OsummarizeOldocvisidvnbregidvhurdleddvzinb

gooovariable

0000000ObsOOOOOOOOMeanDOOOStd.0Dev.0000000Min00000000Max

goooobodocvis
dvnbreg
dvhurdle
dvzinb

000000367700006.82268200007.3949370000000000000000000144
000000367700006.89003400003.4865620002.07892500041.31503
000000367700006.84067600003.13492500001.3543100031.86874
000000367700006.83870400003.135122000.947382700032.98153

.0correlateddocvisidvnbregiodvhurdlendvzinb

(obs=3677)

ooodocvisnoodvnbregiodvhurdlenoodvzinb

0ooooodocvis
dvnbreg
dvhurdle
dvzinb

0ool.0000

0000.38700001.0000
0000.39900000.98940001.0000
0000.39830000.98820000.99820001.0000
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Quantilelregression
Quantile regression
e The g'" quantile regression estimator Eq minimizes over

q

N

QB = X alyi—xiBgl+ Z (1—q)lyi—xiB,l, 0<g<L1.

iyi>x.B iy <x.B

» Example: median regression with g = 0.5.

@ For count y adapt standard methods for continuous y by:

> Replace count y by continuous variable z = y 4 u where
u ~ Uniform|0, 1].

> Then reconvert predicted z-quantile to y-quantile using ceiling
function.

» Machado and Santos Silva (2005).

@ Stata example

» qcount docvis $xlist, q(0.5) rep(50)
» qcount_mfx // MEM
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9. Summary of basic cross-section regression

Poisson regression (or GLM) is straightforward

» many packages do Poisson regression
» coefficients are easily interpreted as semi-elasticities.

@ Do Poisson rather than OLS with dependent variable
> y; Iny (with adjustment for In0); or,/y.

Poisson MLE is consistent provided only that E[y|x] = exp(x'B).
» But make sure standard errors etc. are robust to V[y|x] # E[y|x].

@ But if need to predict probabilities use a richer model.

» Good starting point is negative binomial.
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