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T'hese slides were prepared 1n 1999.

They cover material similar to Sections 15.3-
15.6 of our subsequent book
Microeconometrics: Methods and Applica-
tions, Cambridge University Press, 20035.




INTRODUCTION

o Consider data on several discrete outcomes, usually
mutually exclusive.

o Examples:

— Transportation: several ways to commute to work

— Labor: employment status is be full-time, part-time
or no work.



OUTLINE

o Generd resultsfor MLE of all multinomial/multivariate
models.

o Specific multinomial models

— multinomial logit

— random parameters multinomial logit
— nested logit

— multinomial probit

— ordered logit and probit

— sequential models



o Multivariate models such as bivariate probit
o Simultaneous equations



GNERAL RESULTS
o Therearem + 1 mutually-exclusive alternatives

e The dependent variable takes valuej if the jt”
alternative Is taken,=0,...,m + 1.

o Define the probability that choose alternatjve
p]:Pr[y:]]a ]:Oaam




e Introduce (m + 1) binary variables for each observed y
{ 1If Y=
y] = . o
0 1f y # 5.
o Thusy, equas1 If aternative j is chosen and equals 0
for al other non-chosen alternatives, so for an individ-
ual exactly one of, y1, ..., v, Will be non-zero.

e The density for one observation can then be conve-
niently written as

m

Y0 U1 Ym __ Yy

f(y)—po XP1 X e X Pm _Hpj'
7=0



o The likelihood function for a sample of size » Is then
L=TI I p);
o Thelog-likelihood functionis
L=1InL :Zzyzjlﬂpz’j-
i=1 j=0
o All that is needed is parameterizationf in terms of
observed data;; and afinite number of parameters,
that Is
pij = Prly; = j] = Fj(x35,85), J7=0,..,m.
o These probabilities should lie between 0 and 1 and sun
over; to one.



e Then theI\/ILEforﬁ (ﬂo,.. B) maximizes

L= ZZ%J lnF XU,B]

1=1 9=0
The first-order conditionsre
oL zn: & yij  OFj(x5,08;)

08; Pl Fj(x;5,8;)  0B;




e By the usual asymptotic theory

_ - 17
-~ Qa 82£

if the dgp is correctly specified.

e Thedistribution is necessarily multinomial so correct
specification of the dgp, asfor binary outcome models,
means correct specification of the functional forms
F;(x;;,8;) for the probabilities.

o There are anumber of ways to parameterize F;. These
different ways correspond to specific models.



o Animportant distinction should be made between

— 1. Alternative-spedic regressorssuch as travel
costs in a model of transportation mode choice.
Model identfication requires that the parameters be
constant across alternatives, i&.= 3.

— 2. Alternative-invariant regressqrsuch as individual
socio-economic characteristics in a model of trans-
portation mode choice. These paramefgrsary
across alternatives. Common in economics.
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MULTINOMIAL LOGIT: CASE 1

o When regressors do not vary over choices the multino-
mial logit (MNL) model specifies
eXil3;
e
where 3, = 0 IS the usual restriction made to ensure
model 1dentification.

o Clearly these probabilities lie between 0 and 1 and sum
over j to one.

e The parameters 34, ..., 3,, are estimated by MLE which
maximizes above with F; = p;;.

7 =0,...,m,

Pij

11



o If probabilities are correctly specified the MLE has the
asymptotic distribution where the information matrix
has ;" block

AU

n
E - /
-aﬂjalgk Z jk p’Lk XZXZ ’

7 = .m, k=0,.

where
6ip=11Fj=kandé;=01f j £k
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MULTINOMIAL LOGIT: CASE 2

o When instead regressors do vary over choices, the
MNL probabilities are
exf,zjﬁ

S el

e |t can be shown that

—1
/BML”C\L“N (ZZPZ] Xig — X;) ng Xz’Y) :

1=1 7=0
where x; = S°7°, pixi; 1S @ weighted average of the
regressors over alternatives.

Pij = 7=0,...,m,
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MULTINOMIAL LOGIT: COMPARISON

e Thefirst formulation is often used in labor economics.
For example, for choice of occupation all individual
Specific regressors, such as education, age and gender,
are Invariant across alternatives.

e The second formulation is more commonly used in
transportation mode choice.
Then data is available on mode attributes such as
price and time which vary over both individuals and
alternatives. This formulation is sometimes called the
conditional logit model.
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o Such studieswill aso include individual characteristics
that do not vary across alternatives. These can also be
Incorporated, leading to what some authors call a
mixed mode.
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MULTINOMIAL LOGIT: COMPARISON

e The first mdel can in fact can be re-expressed as the
second.

e SUPPOSK; ISk x 1 and déinex;; to bek(m+1) x 1 vector
with zeros everywhere except that the- 1) block is
x;, that Is,

x;; =00 xj 007,
and déineg =3, --- 23.).
° Thenxgjﬁ = X%,Bj or X,’L-,Bj = Xféj,B.
e This result can be used, for example, to rewrite a mixec
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model as a conditional logit mode.

e An obvious generalization of the multinomial logit

moded! Is
S tij
1] Z’]k’nzo quj ) |
where 1;; > 0 can be quite general functions of regres-
sorsx; and parameters.

7 =0,...,m,
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INDEPENDENCE OF IRRELEVANT ALTERNA-

TIVES

e A limitation of the multinomial logit modd is the
assumption of independence of Irrelevant alternatives
(11A).

o The multinomia logit probabilities imply that the
conditional probability of observing alternative ; given
that either alternative ; or alternative k 1s observed IS
pj X

pj+pK 98 4 X8

Prly = jly = j Or k] =
upon some simplification.
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o Thisequalsexp((x; —x;)'8)/[1+exp((x; —x;)'3)], abinary
logit mode.

o The conditiona probability does not depend on other
alternatives, amajor limitiation.

o As an extreme example, the conditional probability of
commute by car given commute by car or red bus is
assumed in aMNL model to be independent of whether
commuting by blue bus is an option.

e But In practice we expect introduction of a blue bus,
same as red bus in every aspect except color to
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— have little impact on car use
— halve use of blue bus

— leading to an increase In the conditional probability
of car use given car or blue bus.

e This weakness of MNL has led to extensions which are
obtained by using the random utility approach.
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RANDOM UTILITY MODEL

o The multinomial logit model can be motivated by the
following random utility formulation.

e Consder a3-choice model

Up = o + €0
Ul = p+¢
Uy = po + €9,

e Wherey, Is deterministic, e.gu; = x'8,,
and the errors; are iid log Weibull (or type | extreme
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value) distributed with density
flej) =e T exp(e”™), J=0,1,2.

e Then
Prly =2] = Pr|Uy > Uy, Uy > U

= Prlug +e2 > py +e1,  po+er> py+ e

= Prle) <eg+po—py, g0 <2+ po — o |

— f f {f52+,u2 1 f( ) {ffggﬂz—ﬂo f(€o)d€o} deq

o After much manipulation, similar to that in the binary
case, thissmplifiesto )
er2

_ _ Pl“[y.z 2] : eto 4 ef1 + e’
which Is the multinomid logit when n; = x'3; or
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o A weakness of the multinomial logit model is that the
errors ¢; are assumed to be independent across ;.

e Thisis certain to be violated If two alternatives are
similar.
o FOr example, suppose alternatives 1 and 2 are similar.

o A low draw of ¢, leads to overprediction of the utility
of alternative 1.

o We then also expect to overpredict the utility of alter-
native 1, I.e s, IS low.

e Since low values of; andes, tend to go together, and
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similarly for high values, the errors must be correlated.
The “red bus - blue bus problem is an extreme case.

"he models Iin the remainder of this section and In
the next two sections are models that overcome this
weakness of the multinomial logit, at the expense of
Increased computational burden which in some cases
IS very large and complex.
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NESTED LOGIT
o Consider the 3-choice random utility model.
e Suppose alternatives 1 and 2 are similar, and O dissimi

lar.

o For example, 1 is commute by bus (public transit), 2 is
commute by train (public transit) and 0 is commute by

cal.

e ASSume
g1 ande, are correlated, with joint distribution Gum-

bel's Type B bivariate extreme value

30



o 1S Independent of the other errors with Type | ex-
treme value distribution.
e Then the cdf’s of the errors are
F(e1,e9) = exp(—[e™ /P + e7/7]P)
F(eg) = exp(—e ).
e The parametes should lie between 0 and 1.

e It can be shown after much algebra that for tested

logit model
6:“0

elo + (elr/P 4 ela/ P)P’

po = Prly = 0] =
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and
pl e:ul/p

— Prly = 1]y # 0] = .
D1+ Do tly =1y 7 0 (et/P 4 et/ P)
o The model for Pr[y = 0] Is logit-like, except we take

a weighted average of the similar alternatives. This

weighted average
v = eM/P | gHalP,

IS called thanclusive value, and then
6:“0

PO iy e’
e For choosing between the similar alternatives, the

model is a logit model, except for the scale fagtor
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e From the above, and py + p; + po = 1 we can solve for p,

and p, to get the density for an observation

In f(y) = p)'pi'pS’

Y1 Y2
P1 P2
= pil(p1 + po)L T2 ( ) ( )
0 pP1+ D2 pP1 + P2

Y1 Y2
— D1 D2
= pf(1—py)' ™ ( ) ( )
p1+ P2 pP1+ D2
oo Yo oP Inv 1=y0
N (eMO + eplm’> eto 4 epnv

elLLl/p 4 6:“2/p &2
8 (eﬂl/p + e/~L2/IO) (eﬂl/p + 6M2/,0)
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e Thus
L(B,p) = | ]

1=1

eluiO Yio
eltio + epnv;

eluz'l/p

| 1=yio
e In v
elhio 4+ ep NV,

X<<

e:uz'l/p + eMz2/P

eﬂiZ/p

)

eMﬂ/P + eMz2/P

Yi2
)
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COMPUTATION

o Two possible estimation methods.

e Thefirst isthe MLE which maximizesinL and isfully
efficient.

e The second isatwo-step procedure

— Estimate logit for alternative 1 versus 2
l.e. maximize over the last two terms in the log-

likelihood function.
This yields estimates, /p andu,/p then used to form
an estimate of the inclusive value.
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— Estimate a logit model of alternative O versus alter-
natives 1 and 2 whernev is an additional regressor.
l.e. maximize over thdirst two terms in the log-
likelihood function, to give estimatgs andyp.

e The two-step procedure yields consistent butfioefnt
estimates.

e It Is useful for obtaining starting values for the MLE.

e It IS Nnot so useful on its own as getting the correct
standard errors is ditult.
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o The main problem with nested |;0git can be estimated
values of p that lie outside [0, 1].
It can be useful to do a grid search over p to constrain
p to the unit interval and to enumerate the reduction In
log-likelihood, If any, due to doing so.

e The nested logit model can be extended to
— more alternatives
— higher levels of alternatives (or nesting)
— generalized extreme value distribution.
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MULTINOMIAL PROB

e T he three-choice exam
modelis similar to ear

T
nle of thenultinomial probit

ler only now the errors are

assumed to be multivariate normal distributed and
correlated over the three choices

Ei0 ( 0
1 \ 0
) \ 0

) -
g 001 002 \
2
y 010 01 012

2
020 021 0% )

« Not all the variance components are idént.
Here only 3 parameters are iddigd.
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e Then
Prly = 2] =Pr|Uy > Uy, Uy > Uy
= Prlpg +e9 > py+e1,  po+e2 > p+ £

= Prle; <eo+ g — py, €0 < &2+ pp — pp)

00 reatlo—Hy  fE2THa— My
=/ / / f(e0,€1,€2)degderdes
J=0o0J—00 —00
and similarly for p; and py.

o Estimation is by MLE, though for identification some
restrictions will have to be placed on parameters such
as those in the error covariance matrix. The model can
easlly be extended to permit random coefficients 3;
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which are normally distributed. All that mattersis that
the utilities U;; be normally distributed. And thereisno
need to assume Independence of irrelevant alternatives.
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IDENTIFICATION

e Bunch (1991) demonstrates that identification of the
MNP model can be achieved by considering the differ-
enceu; — U, between utility of alternativg and that of
a benchmark alternative, say

o Then all but one of the parameters of the covariance
matrix of the errors; — ¢y, can be estimated. One way
to achieve this Is to normalizg = 0 and then restrict
one covariance element.

o Keane (JBES, 1992) demonstrated that even If just-
identification is technically achieved, in practice it can
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be practically difficult to estimate with any precision
the parameters of the MNP model, in models with
regressors that do not vary with the alternative. Further
restrictions are needed.

o Keanefindsthat exclusion restrictions on the regressors
(one exclusion for each utility index) work well. Others
consider placing further restrictions on the covariance
parameters.
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COMPUTATION

e The problem isin implementation.

o For the three-choice model above computation of the
probabilities can be only reduced to a bivariate normal
Integral, and an« + 1) choice model will require an
m-variate integral.

e This Is computationally burdensome, as the integral

needs to be evaluated for every individual in the
sample at every iteration of the iterative method used

to compute the MLE.
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o Until recently at most 3-choice multinomial probit
models have been used. Solving this problem is an
active area of research.

e The estimation methods are variants of thethod of
simulated moments proposed by McFadden (1989). A
recent survey Is the book by Gourieroux and Monfort

(1996).



ORDERED PROBIT

o Begin with the single latent variable
vy =%x'8+ u.
e Suppose the outcome depends on how large v* Is, with
0 If y* <o
yi=91 If o<y <ap
2 1f y* > ao.
e An exampleisy* IS aperson’s propensity to work and
we observe whether the person does not wgrk (),
works part-time { = 1) or works full-time ¢; = 2).
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e The ordered probit model specifies u ~ N[0, 1].

e Then
po = Prix'B+u<aq] =d(a — Xgﬂ)
p1 = Prlog <X'B+u < ag] = Doy — x'B) — P(a; — x;0)
p2 = 1 —=po—p1.

e The likelihood function is then easily obtained and
estimation is by maximum likelihood.

e The ordered logit replaces ¢(-) in the above by A(.), the
logistic cdf.
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SEQUENTIAL MODELS

o An example of a sequential model is sequentia probit
with three alternatives.

o First choose whether y = 2 or ¢ 2.
e Second, If y # 2 choose whether y =0 or y = 1.

o Assume a probit model at each stage, with regressors
x, at the first stage and regressors x; at the second
stage. Then clearly

pa = Prly = 2| = O(x509),

P1 /
= Prly; = 1|y; # 2] = d(x} 37),
po—l—p1 [z ‘z ] (1 1)
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Thisimplies after some algebra
p1 = Prly # 2] x Prly = 1|y # 2] = (1 — ®(x982)) x P(x1531).
Finally
po=1—p1—p2.
e The likelihood function is then easily obtained and
estimation is by maximum likelihood.
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MULTIVARIATE MODELS

o To date we have considered only one discrete depen-
dent variable.

o Now consider more than one.
o For example, Jomtly model labor supply and fertility

| 0 1fdo not work
s <\1 if work

~ [0 ifno children
2731 if children
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e Thereare four probabilities
poo = Prly1 = 0,90 = 0]
po1 = Prly1 = 0,90 = 1]
po = Prly1 = 1,40 =0
p11 = Prly1 = 1L,y = 1].
o These are mutually exclusive and exhaust all possibili-
ties, so thaby, + poy + poo + poo = 1.
e From these probabilities one can form the log-
likelihood, and estimate by ML.

e This Is essentially the same as a four-choice multino-
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mial modd!.

o All that differsisthe story told to derive the functional
forms for the probabilities.

o A leading exampleisthe bivariate probit mode.
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OTHER TOPICS

o Ranked Data: With stated preference data know the
second-preferred choice, not just the most-preferred
choice.

o Simultaneous Equations: Two binary variables that are
simultaneous.
Easiest If simultaneity Is in the latent variables.

52



e APPLICATION: LABOR SUPPLY

o Use dataof Mroz (1987) on 753 married women from
the 1976 Panel Survey of Income Dynamics (PSID).

e Dependent variable DWORK s a discrete indicator
variable that equals

— 0 1f no work In the previous yeatr,
— 1 if work part-time & 1000 hours per year) and
— 2 If work full-time (> 1000 hours)
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e Theregressors are a constant term and

1. KL6: Number of children lessthan six

2. K618: Number of children more than six

3. AGE: Age

4. ED: Education (years of schooling completed)

5. NLINCOME: annua nonlabor income of wife mea
sured in $10,000's.
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Variable Coeff t-stat
1vs.02vs.02vs.11vs.02vs.0

ONE —1.58 1.20 2.8  —1.6 1.4
K L6 —-93 =201 -—-1.04 —4.1 —7.7
K618 10 =19  —.09 1.2 =24
AGE -04 =07 =03 =25 =50
ED 27 25 —.02 5.2 5.6
NLINCOME -29 -39 —-10 =29 —4.2
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e MNL estimates, with coefficients 3, = 0 for Prly = 0]
normalized to zero, are presented in the table.

e The first column gives 3;, which gives prjy = 1] VS.
Prly = 0].

e The second column gives 3,, which gives Pr[y = 2] VS.
Prly = 0].

e Thethird column givestheimplied 3, - 3;, which gives
Prly = 2] VS. Prly = 1].

e Thet-statistics are also given.
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