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INTRODUCTION

� Consider data on several discrete outcomes, usually
mutually exclusive.

� Examples:

– Transportation: several ways to commute to work

– Labor: employment status is be full-time, part-time
or no work.
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OUTLINE

� General results for MLE of all multinomial/multivariate
models.

� Speci¿c multinomial models

– multinomial logit

– random parameters multinomial logit

– nested logit

– multinomial probit

– ordered logit and probit

– sequential models
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� Multivariate models such as bivariate probit

� Simultaneous equations
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GNERAL RESULTS

� There are 6n � mutually-exclusive alternatives.

� The dependent variable+ takes value� if the �|�

alternative is taken,� ' fc ���c6n �.

� De¿ne the probability that choose alternative�

R� ' �hd+ ' �oc � ' fc ���c6�
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� Introduce (6n �) binary variables for each observed +

+� '

+
� if + ' �

f if + 9' ��
�

� Thus +� equals � if alternative � is chosen and equals f

for all other non-chosen alternatives, so for an individ-
ual exactly one of+fc +�c ���c +6 will be non-zero.

� The density for one observation can then be conve-
niently written as

sE+� ' R
+f
f � R

+�
� � ���� R

+6
6 '

6\
�'f

R
+
� �

6



� The likelihood function for a sample of size ? is then
O '

T?
�'�

T6
�'f R

+��
��

� The log-likelihood functionis

O ' *? / '
?[
�'�

6[
�'f

+�� *? R���

� All that is needed is parameterization ofR�� in terms of
observed data �� and a¿nite number of parameters��,
that is

R�� ' �hd+� ' �o ' 8�E ��c���c � ' fc ���c6�

� These probabilities should lie between 0 and 1 and sum
over� to one.
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� Then the MLE for � ' E�3
fc ���c�

3
6�3 maximizes

O '
?[
�'�

6[
�'f

+�� *?8�E ��c����

The ¿rst-order conditionsare
YO
Y��

'
?[
�'�

6[
�'f

+��
8�E ��c���

Y8�E ��c���

Y��
c � ' fc ���c6c
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� By the usual asymptotic theory

e� @� 1

597�fc�
3C(

57 Y2O
Y�Y�3

�����
�f

684D��
6:8

if the dgp is correctly speci¿ed.

� The distribution is necessarily multinomial so correct
speci¿cation of the dgp, as for binary outcome models,
means correct speci¿cation of the functional forms
8�E ��c��� for the probabilities.

� There are a number of ways to parameterize 8�. These
different ways correspond to speci¿c models.
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� An important distinction should be made between

– 1. Alternative-speci¿c regressors, such as travel
costs in a model of transportation mode choice.
Model identi¿cation requires that the parameters be
constant across alternatives, i.e.�� ' �.

– 2. Alternative-invariant regressors, such as individual
socio-economic characteristics in a model of trans-
portation mode choice. These parameters�� vary
across alternatives. Common in economics.
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MULTINOMIAL LOGIT: CASE 1

� When regressors do not vary over choices the multino-
mial logit (MNL) model speci¿es

R�� '
e 

3
���S6

&'f e
 3
��&

c � ' fc ���c6c

where qf ' f is the usual restriction made to ensure
model identi¿cation.

� Clearly these probabilities lie between f and � and sum
over � to one.

� The parameters q�c ���c q6 are estimated by MLE which
maximizes above with 8� ' R��.
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� If probabilities are correctly speci¿ed the MLE has the
asymptotic distribution where the information matrix
has �&|� block

(

%
Y2O

Y��Y�
3
&

&
'

?[
�'�

R��EB�&�T�&� � �3c

� ' fc ���c6c & ' fc ���c6c

where
B�& ' � if � ' & and B�& ' f if � 9' &�
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MULTINOMIAL LOGIT: CASE 2

� When instead regressors do vary over choices, the
MNL probabilities are

R�� '
e 

3
���S6

&'f e
 3
���

c � ' fc ���c6c

� It can be shown that

e��u
@� 1

597�c
3C ?[

�'�

6[
�'f

R��E �� � 7 ��E �� � 7 ��
3
4D��

6:8 c

where 7 � '
S6

&'f R�& �& is a weighted average of the
regressors over alternatives.
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MULTINOMIAL LOGIT: COMPARISON

� The ¿rst formulation is often used in labor economics.
For example, for choice of occupation all individual
speci¿c regressors, such as education, age and gender,
are invariant across alternatives.

� The second formulation is more commonly used in
transportation mode choice.
Then data is available on mode attributes such as
price and time which vary over both individuals and
alternatives. This formulation is sometimes called the
conditional logit model.
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� Such studies will also include individual characteristics
that do not vary across alternatives. These can also be
incorporated, leading to what some authors call a
mixed model.
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MULTINOMIAL LOGIT: COMPARISON

� The ¿rst mdel can in fact can be re-expressed as the
second.

� Suppose � is &�� and de¿ne �� to be&E6n���� vector
with zeros everywhere except that theE� n ��|� block is
 �, that is,

 �� ' df3� � �f3  3� f3� � �f3o3c
and de¿ne� ' d�3

f � � � �3
6o3.

� Then 3��� '  3��� or  3��� '  3���.
� This result can be used, for example, to rewrite a mixed
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model as a conditional logit model.

� An obvious generalization of the multinomial logit
model is

R�� '
>��S6
&'f >��

c � ' fc ���c6c

where >�� : f can be quite general functions of regres-
sors � and parameters�.
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INDEPENDENCE OF IRRELEVANT ALTERNA-
TIVES

� A limitation of the multinomial logit model is the
assumption of independence of irrelevant alternatives
(IIA).

� The multinomial logit probabilities imply that the
conditional probability of observing alternative � given
that either alternative � or alternative & is observed is

�hd+ ' �m+ ' � or &o '
R�

R� n R&
'

e 
3
��

e 
3
�� n e 

3
&�
c

upon some simpli¿cation.
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� This equals i TEE �� &�
3��*d�ni TEE �� &�

3��o, a binary
logit model.

� The conditional probability does not depend on other
alternatives, a major limitiation.

� As an extreme example, the conditional probability of
commute by car given commute by car or red bus is
assumed in a MNL model to be independent of whether
commuting by blue bus is an option.

� But in practice we expect introduction of a blue bus,
same as red bus in every aspect except color to
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– have little impact on car use

– halve use of blue bus

– leading to an increase in the conditional probability
of car use given car or blue bus.

� This weakness of MNL has led to extensions which are
obtained by using the random utility approach.
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RANDOM UTILITY MODEL

� The multinomial logit model can be motivated by the
following random utility formulation.

� Consider a 3-choice model
Lf ' >f n 0f

L� ' >� n 0�

L2 ' >2 n 02c

� where>� is deterministic, e.g.>� '  3��,
and the errors0� are iid log Weibull (or type I extreme
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value) distributed with density
sE0�� ' e�0� i TEe�0��c � ' fc �c 2�

� Then
�hd+ ' 2o ' �hdL2 : L�c L2 : Lfo

' �hd>2 n 02 : >� n 0�c >2 n 02 : >f n 0fo

' �hd0� 	 02 n >2 � >�c 0f 	 02 n >2 � >fo

'
U4
�4 sE02�

qU 02n>2�>��4 sE0���
qU 02n>2�>f�4 sE0f�_0f

r
_0�

r
� After much manipulation, similar to that in the binary

case, this simpli¿es to

�hd+ ' 2o '
e>2

e>f n e>� n e>2
c

which is the multinomial logit when >� '  3�� or

22



>� '  3��.

23



� A weakness of the multinomial logit model is that the
errors 0� are assumed to be independent across �.

� This is certain to be violated if two alternatives are
similar.

� For example, suppose alternatives 1 and 2 are similar.

� A low draw of 0� leads to overprediction of the utility
of alternative 1.

� We then also expect to overpredict the utility of alter-
native 1, i.e.02 is low.

� Since low values of0� and02 tend to go together, and
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similarly for high values, the errors must be correlated.

� The “red bus - blue bus” problem is an extreme case.

� The models in the remainder of this section and in
the next two sections are models that overcome this
weakness of the multinomial logit, at the expense of
increased computational burden which in some cases
is very large and complex.
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NESTED LOGIT

� Consider the 3-choice random utility model.

� Suppose alternatives 1 and 2 are similar, and 0 dissimi-
lar.

� For example, 1 is commute by bus (public transit), 2 is
commute by train (public transit) and 0 is commute by
car.

� Assume
0� and02 are correlated, with joint distribution Gum-
bel’s Type B bivariate extreme value

30



0f is independent of the other errors with Type I ex-
treme value distribution.

� Then the cdf’s of the errors are
8 E0�c 02� ' i TE�de�0�*4 n e�02*4o4�

8 E0f� ' i TE�e�0f��

� The parameter4 should lie between 0 and 1.

� It can be shown after much algebra that for thenested
logit model

Rf ' �hd+ ' fo '
e>f

e>f n Ee>�*4 n e>2*4�4
c
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and
R�

R� n R2
' �hd+ ' �m+ 9' fo '

e>�*4

Ee>�*4 n e>2*4�
�

� The model for �hd+ ' fo is logit-like, except we take
a weighted average of the similar alternatives. This
weighted average

� ' e>�*4 n e>2*4c

is called theinclusive value, and then

Rf '
e>f

e>f n e4 *? �
�

� For choosing between the similar alternatives, the
model is a logit model, except for the scale factor4.
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� From the above, and Rf n R� n R2 ' � we can solve for R�

and R2 to get the density for an observation
*? sE+� ' R

+f
f R

+�
� R

+2
2

' R
+
fER� n R2�

+�n+2

�
R�

R� n R2

�+� � R2
R� n R2

�+2

' R
+f
f E�� Rf�

��+f

�
R�

R� n R2

�+� � R2
R� n R2

�+2

'

�
e>f

e>f n e4 *? �

�+f
#

e4 *? �

e>f n e4 *? �

$��+f

�
#

e>�*4

Ee>�*4 n e>2*4�

$+� #
e>2*4

Ee>�*4 n e>2*4�

$+2
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� Thus

/(qc 4� '
?\
�'�

�
e>�f

e>�f n e4 *? ��

�+�f
#

e4 *? ��

e>�f n e4 *? ��

$��+�f

�
#

e>��*4

Ee>��*4 n e>�2*4�

$+�� #
e>�2*4

Ee>��*4 n e>�2*4�

$+�2
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COMPUTATION

� Two possible estimation methods.

� The ¿rst is the MLE which maximizes *? / and is fully
ef¿cient.

� The second is a two-step procedure

– Estimate logit for alternative 1 versus 2
i.e. maximize over the last two terms in the log-
likelihood function.
This yields estimatesg>�*4 and g>2*4 then used to form
an estimatee� of the inclusive value.
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– Estimate a logit model of alternative 0 versus alter-
natives 1 and 2 where*? e� is an additional regressor.
i.e. maximize over the¿rst two terms in the log-
likelihood function, to give estimatese>� ande4.

� The two-step procedure yields consistent but inef¿cient
estimates.

� It is useful for obtaining starting values for the MLE.

� It is not so useful on its own as getting the correct
standard errors is dif¿cult.
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� The main problem with nested l�ogit can be estimated
values of 4 that lie outside dfc �o�

It can be useful to do a grid search over 4 to constrain
4 to the unit interval and to enumerate the reduction in
log-likelihood, if any, due to doing so.

� The nested logit model can be extended to

– more alternatives

– higher levels of alternatives (or nesting)

– generalized extreme value distribution.
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MULTINOMIAL PROBIT

� The three-choice example of themultinomial probit
model is similar to earlier only now the errors are
assumed to be multivariate normal distributed and
correlated over the three choices5997 0�f

0��

0�2

6::8 � 1

3EEC
5997 f

f

f

6::8 c

5997 j2f jf� jf2

j�f j2� j�2

j2f j2� j22

6::8
4FFD �

� Not all the variance components are identi¿ed.
Here only 3 parameters are identi¿ed.
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� Then
�hd+ ' 2o ' �hdL2 : L�c L2 : Lfo

' �hd>2 n 02 : >� n 0�c >2 n 02 : >f n 0fo

' �hd0� 	 02 n >2 � >�c 0f 	 02 n >2 � >fo

'

] 4

�4

] 02n>2�>�

�4

] 02n>2�>f

�4
sE0fc 0�c 02�_0f_0�_02

and similarly for R� and Rf.

� Estimation is by MLE, though for identi¿cation some
restrictions will have to be placed on parameters such
as those in the error covariance matrix. The model can
easily be extended to permit random coef¿cients q�
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which are normally distributed. All that matters is that
the utilities L�� be normally distributed. And there is no
need to assume independence of irrelevant alternatives.
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IDENTIFICATION

� Bunch (1991) demonstrates that identi¿cation of the
MNP model can be achieved by considering the differ-
enceL� � Lf between utility of alternative� and that of
a benchmark alternative, sayf.

� Then all but one of the parameters of the covariance
matrix of the errors0� � 0f, can be estimated. One way
to achieve this is to normalize0f ' f and then restrict
one covariance element.

� Keane (JBES, 1992) demonstrated that even if just-
identi¿cation is technically achieved, in practice it can
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be practically dif¿cult to estimate with any precision
the parameters of the MNP model, in models with
regressors that do not vary with the alternative. Further
restrictions are needed.

� Keane ¿nds that exclusion restrictions on the regressors
(one exclusion for each utility index) work well. Others
consider placing further restrictions on the covariance
parameters.
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COMPUTATION

� The problem is in implementation.

� For the three-choice model above computation of the
probabilities can be only reduced to a bivariate normal
integral, and an (6 n �) choice model will require an
6-variate integral.

� This is computationally burdensome, as the integral
needs to be evaluated for every individual in the
sample at every iteration of the iterative method used
to compute the MLE.
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� Until recently at most 3-choice multinomial probit
models have been used. Solving this problem is an
active area of research.

� The estimation methods are variants of themethod of
simulated moments proposed by McFadden (1989). A
recent survey is the book by Gourieroux and Monfort
(1996).
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ORDERED PROBIT

� Begin with the single latent variable
+� '  3� n ��

� Suppose the outcome depends on how large +� is, with

+� '

;AA?AA=
f if +� � k�

� if k� 	 +� � k2

2 if +� : k2�

� An example is +� is a person’s propensity to work and
we observe whether the person does not work (+ ' f),
works part-time (+ ' �) or works full-time (+� ' 2).
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� The ordered probit model speci¿es � � 1dfc �o.

� Then
Rf ' �hd 3� n � � k�o ' xEk� �  3���
R� ' �hdk� 	  3� n � � k2o ' xEk2 �  3��� xEk� �  3���
R2 ' �� Rf � R��

� The likelihood function is then easily obtained and
estimation is by maximum likelihood.

� The ordered logit replaces xE�� in the above by \E��, the
logistic cdf.
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SEQUENTIAL MODELS

� An example of a sequential model is sequential probit
with three alternatives.

� First choose whether + ' 2 or + 9' 2.

� Second, if + 9' 2 choose whether + ' f or + ' �.

� Assume a probit model at each stage, with regressors
 2 at the ¿rst stage and regressors  � at the second
stage. Then clearly

R2 ' �hd+ ' 2o ' xE 32�2�c
R�

Rf n R�
' �hd+� ' �m+� 9' 2o ' xE 3����c
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This implies after some algebra
R� ' �hd+ 9' 2o� �hd+ ' �m+ 9' 2o ' E�� xE 32�2��� xE 3�����

Finally
Rf ' �� R� � R2�

� The likelihood function is then easily obtained and
estimation is by maximum likelihood.
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MULTIVARIATE MODELS

� To date we have considered only one discrete depen-
dent variable.

� Now consider more than one.

� For example, jointly model labor supply and fertility

+� '

+
f if do not work
� if work

+2 '

+
f if no children
� if children
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� There are four probabilities
Rff ' �hd+� ' fc +2 ' fo

Rf� ' �hd+� ' fc +2 ' �o

R�f ' �hd+� ' �c +2 ' fo

R�� ' �hd+� ' �c +2 ' �o�

� These are mutually exclusive and exhaust all possibili-
ties, so thatRff n Rff n Rff n Rff ' �.

� From these probabilities one can form the log-
likelihood, and estimate by ML.

� This is essentially the same as a four-choice multino-
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mial model.

� All that differs is the story told to derive the functional
forms for the probabilities.

� A leading example is the bivariate probit model.
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OTHER TOPICS

� Ranked Data: With stated preference data know the
second-preferred choice, not just the most-preferred
choice.

� Simultaneous Equations: Two binary variables that are
simultaneous.
Easiest if simultaneity is in the latent variables.
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� APPLICATION: LABOR SUPPLY
� Use data of Mroz (1987) on 753 married women from

the 1976 Panel Survey of Income Dynamics (PSID).

� Dependent variable DWORK is a discrete indicator
variable that equals

– 0 if no work in the previous year,

– 1 if work part-time (	 1000 hours per year) and

– 2 if work full-time (: 1000 hours)
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� The regressors are a constant term and

1. KL6: Number of children less than six
2. K618: Number of children more than six
3. AGE: Age
4. ED: Education (years of schooling completed)
5. NLINCOME: annual nonlabor income of wife mea-
sured in $10,000’s.
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Variable Coeff t-stat
1 vs. 0 2 vs. 0 2 vs. 1 1 vs. 0 2 vs. 0

��. ���DH ��2f 2�.H ���S ��e

guS ��b� �2�f� ���fe �e�� �.�.

gS�H ��f ���b ��fb ��2 �2�e

�C. ��fe ��f. ��f� �2�D �D�f

.( �2. �2D ��f2 D�2 D�S

�uU����. ��2b ���b ���f �2�b �e�2
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� MNL estimates, with coef¿cients �f ' f for �hd+ ' fo

normalized to zero, are presented in the table.

� The ¿rst column gives ��, which gives �hd+ ' �o vs.
�hd+ ' fo.

� The second column gives �2, which gives �hd+ ' 2o vs.
�hd+ ' fo.

� The third column gives the implied �2���, which gives
�hd+ ' 2o vs. �hd+ ' �o.

� The t-statistics are also given.
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